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' Abstract. We develop a fairly explicit Kuznetsov formula on GL(3) and discuss the analytic behaviour 

of the test functions on both sides. Applications to Weyl's law, exceptional eigenvalues, a large sieve and 
■ L-functions are given. 

1. Introduction 

CN ' The Bruggeman-Kuznetsov formula [Brg, Ku, DI1] is one of the most powerful tools in the analytic 

theory of automorphic forms on GL{2) and the cornerstone for the investigation of moments of families 
£-H ! °f -^-functions, including striking applications to subconvexity and non- vanishing. It can be viewed as a 
relative trace formula for the group G = GL(2) and the abelian subgroup \J% x U2 Q G x G where U2 is the 
group of unipotent upper triangular matrices. The Kuznetsov formula in the simplest case is an equality 
of the shape 
(1.1) 



43 

c3 



ran 



where 

OO ' • n, m e Z\ {0}, 

• ^n, m is the Kronecker symbol, 

• the sum on the left-hand side runs over an orthogonal basis of Hecke-MaaB cusp forms Uj for the 
group 6X2(2) having spectral parameter tj and Hecke eigenvalues Xj(n) for n G N (and Aj(— n) := 

^ I ±Aj(n) depending on whether tij is even or odd), 

• (7t(n) is the Fourier coefficient of an Eisenstein series defined by 

a t (n)= 

^ ! did 2 =\n\ 

, • d spcc t = 7r~ ttanh(irt)dt is the spectral measure, 

• h is some sufficiently nice, even test function, and 

• is a certain integral transform of /i, the sign being sgn(nm), described in (1.2). 

There have been many generalizations of the Kuznetsov to other groups of real rank one or products thereof, 
see e.g. [MW, Re, BM], the first of which covers also the groups 5X2 (C), SO(n, 1) and 577(2, 1); see also 
[CLPSS, EGM] for interesting applications. For the groups GL(n), n > 2, Kuznetsov-type formulae are 
available [Go, Theorem 11.6.19], [Ye], but they are in considerably less explicit form. 

The power of the GX(2) Kuznetsov formula lies in the fact that one can choose arbitrary (reasonable) 
test functions on either side of the formula, and the relevant integral transforms are completely explicit in 
terms of Bessel functions. In fact, we have 



(1.2) h ± (x)= / J^ftxMtHpec* 
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where 



7 ± (t x) - 27risinhf7rtr 1 I j2 ^ 47r V? - J -2it{^y/*) \ 



this is best understood in terms of its Mellin transform: 

G t (s) G t (l + s) 



poo 

J^fas) = / J ± (t,x)x s ~ 1 dx 
Jo 



G t (l-s) G t (2 



where 

GtW _-. r (i±i!) r (^ 

In addition, this transform can be inverted and is essentially unitary: 



h(t) 



Jo x 



There is a subtlety, as in the + case the image of the map h \— > h + is not dense, but its complement is 
well-understood. These formulas together with standard facts about Bessel functions make it possible to 
apply the Kuznetsov formula in both directions. Unfortunately, such explicit knowledge is not available 
for GL(n), n ^ 3. 

The aim of this article to provide a "semi-explicit" version of the Kuznetsov formula for GL(3) together 
with some careful analysis of the various terms occurring on both sides of the formula, and to give some 
applications in Theorems 1-4 below. On the way we will prove a number of useful auxiliary results 
for GL(3) Whittaker functions, Eisenstein series and Kloosterman sums that may be helpful for further 
investigation of GL(3) automorphic forms. The proof of the Kuznetsov formula proceeds along classical 
lines: we compute the inner product of two Poincare series in two ways: by spectral decomposition and by 
unfolding and computing the Fourier expansion of the Poincare series. The latter has been worked out in 
great detail in [BFG]. 

The spectral side (8.1) of the GL(3) formula consists of three terms: 

• the contribution of the cuspidal spectrum, 

• the contribution of the minimal parabolic Eisenstein series, 

• the contribution of the maximal parabolic Eisenstein series. 
The arithmetic side (8.2) contains four terms: 

• the diagonal contribution corresponding to the identity element in the Weyl group, 

• two somewhat degenerate terms 1 corresponding to ( l ^ 1 ^ and ^ ^ 1 l \ , 

• the contribution of the long Weyl element. 

Interestingly, the two remaining elements in the Weyl group do not contribute as long as m , ri2, mi , mi 
are non-zero; in fact, these two furnish the GL{2) formula which is hidden in the degenerate terms of the 
Fourier expansion of the Poincare series. On the arithmetic side, the various variables ni,ri2,mi, iri2 , D\ , D2 
appearing in the test function are explicitly coupled similarly as on the right hand side of (1.1). 
The spectral side (8.1) contains the weight function 

f°° r°° _ din d„„ 2 

h(v u v 2 ) 



W Vl , l/2 {yi,y2)F{y 1 ,y2 



where W V1V2 is a normalized Whittaker function on GL(3) and F is any compactly supported test function 
(or with sufficiently rapid decay at and 00 in both variables). In principle this integral transform is 
invertible: it has been shown in [GK1] that a natural generalization of the Kontorovich-Lebedev transform 
inversion formula holds for Whittaker functions on GL(n), hence we have a recipe to find a suitable F 
to construct our favourite non-negative function h. Proceeding in this way would however considerably 



4n all our applications they will be negligible. 
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complicate the analysis of the arithmetic side, and hence we take a different route which is somewhat 
less precise, but more convenient for applications. In Proposition 3 below we show roughly the following: 
taking 

F( yi ,y 2 ) = (7175,(71 +r 2 )) 1 /2 /l ( yi )/ 2 (y 2 )yi (T1+2 - ) 2 /f ri+T2) 

for some fixed functions /i, / 2 with compact support in (0, oo) yields a non-negative smooth bump function 
h with /i(^i,z/ 2 ) >c 1 for Uj = irj + O(l) and rapid decay outside this range. In other words, h is a good 
approximation to the characteristic function of a unit square in the (v\, f 2 )-plane. Integration over ti,t 2 
can now give a good approximation to the characteristic function of any reasonable shape. Passing to a 
larger region in this way will in fact improve the performance of sum formula and ease the estimations on 
the arithmetic side. 

The test functions on the arithmetic side are completely explicit in (8.3), (8.4) and given as a multiple 
integral. At least in principle a careful asymptotic analysis should yield a complete description of the 
behaviour of this function, but this seems very complicated. Nevertheless, we are able to give some non- 
trivial (and in some cases best possible) bounds in Proposition 5 that suffice for a number of applications 
that we proceed to describe. 

The commutative algebra T> of invariant differential operators of SL^(M) acting on L 2 (S L^(M.) j SO3) is 
generated by two elements (see [Go, p. 153]), the Laplacian and another operator of degree 3. One class 
of eigenfunctions of T> is given by the power functions I Ul ,v 2 defined in (2.11) below. A Maafi form (j) for 
the group SL^i^L) with spectral parameters v\, z/ 2 is an element in 1?{SLj ) ^I2)\SLj > {^)i 'SO3) that is an 
eigenfunction of T> with the same eigenvalues as I Vl ,u 2 an d vanishes along all parabolics, that is, 

/ (f)(uz)du = 

J(SL 3 (Z)UU)\U 

for U = {(^ 1 j)} an d 1 *^)\ (and then automatically for the minimal parabolic). We choose an 

orthonormal basis = B C L 2 (S 'L3(Z)\S X3(R) / SO3) of Hecke-Maafi cusp forms (i.e. Maafi forms that 

are eigenfunctions of the Hecke algebra as in [Go, Section 6.4]) with spectral parameters i/p'^z/g ■ If no 
confusion can arise, we drop the superscripts (j). 

This can be re-phrased in more representation theoretic terms. Let SL^(M.) = NAK be the Iwasawa 
decomposition where K = SO3, N is the standard unipotent subgroup and A is the group of diagonal 
matrices with determinant 1 and positive entries, and let a be the Lie algebra of A. An infinite-dimensional, 
irreducible, everywhere unramified cuspidal automorphic representation ir of GLs(Aq) with trivial central 
character is generated by a Hecke-Maafi form 0,- for SL^(Z) as above. The local (spherical) representation 
7TQO is an induced representation from the parabolic subgroup NA of the extension of a character x '■ 
A — > C x , diag(xi, X2, £3) •->■ x^x^x^ 3 with ct\ + a 2 + «3 = 0. In this way we can identify the spherical 
cuspidal automorphic spectrum with a discrete subset of the Lie algebra a* c /W (W the Weyl group), 
where we associate to each Maafi form <pj £ B the linear form / = (01,02,03) E o^/W that contains 
the (archimedean) Langlands parameters. A convenient basis in aj. is given by the fundmental weights 
diag(2/3, —1/3, —1/3), diag(l/3, 1/3, —2/3) of SL3. The coefficients of I = (a\, a 2 , 03) with respect to this 
basis can be obtained by evaluating / at the two co-roots diag(l, —1, 0), diag(0, 1,-1) 6 and are given by 
3fi , 3f2 ■ We then have a± = 2u\ + V2, a 2 = —v\ + i^ 2 , «3 = — v\ — 2z^ 2 . With this normalization, <p is an 
eigenform of the Laplacian with eigenvalue 

(1.3) A = 1 - 3vf - 3viv 2 -3u^ = l-^{a 2 + al + af), 

and the trivial representation is sitting at (u\, V2) = (1/3, 1/3). The Ramanujan conjecture states that the 
Langlands parameters a±, a 2 , 03 of Maafi forms are purely imaginary (equivalently, the spectral parameters 
z/i,z/ 2 are purely imaginary). A Maafi form is called exceptional if it violates the Ramanujan conjecture. 
Modulo the action of the Weyl group, we can always assume that 9^1,3^ ^ (positive Weyl chamber). 
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Switching to the dual Maafi form if necessary, we can even assume without loss of generality ^ $5^1 ^ • 

A count of the Maafi forms 4> £ B inside the ellipse A ^ T 2 described by (1.3) is referred to as Weyl's 
law. The number of such forms is known to be cT 5 + 0(T 3 ) for some constant c, see [Mi, LM]. As a 
first test case of the Kuznetsov formula we show a result of comparable strength as [LM, Proposition 4.5] 
that turns out to be a simple corollary of the Kuznetsov formula. A similar upper bound has recently 
been proved by X. Li [Li2]. Let L{4> x <f), s) be the Rankin-Selberg L- function (see (4.2) below). Then the 
following weighted count of the cuspidal spectrum in a small ball of radius 0(1) in holds. 

Theorem 1. There are absolute constants ci,C2 > 0, Tq,K ^ 1 with the following property: for all 
T\,T 2 ^ To we have 

cxTx^Tx + T 2 ) ^ x h s )) _1 < caZiT 2 (ri + T 2 ). 

\u ( 2 j) -iT 2 \^K 

It is standard to estimate the residue from above, but due to possible Siegel zeros a good lower bound is 
not known. If <f> = sym 2 u for some Hecke-Maafi form u E L 2 (S L2(1*)\t) 2 ) with spectral parameter v £ iW, 
then Ramakrishnan and Wong [RW] have shown that no Siegel zeros exist: 

resL(sym 2 u x sym 2 u,s) = (1 + [z^l)^ 1 ). 

s=l 

In general we will only be able to prove the following bounds: if <p has spectral parameters ui,u 2 , then 
setting C := (1 + \ui + z^lXl + |^i|)(l + |^2|) we have 

(1.4) C- 1 < resL(0 x^,s)« C £ . 

s=l 

In particular it follows (after possibly enlarging the constant K in Theorem 1) that in each ball inside ia* 
of sufficiently large constant radius, there exist cusp forms. We will prove (1.4) in Lemma 2 below. 

Miller [Mi] proved that almost all forms are non-exceptional, that is, the number of exceptional forms 
4>j G B with Xj ^ T 2 is o(T 5 ). This was, among other things, strengthened in [LM] to 0(T 3 ). By unitaricity 
and the standard Jacquet-Shalika bounds towards the Ramanujan conjecture 2 (cf. (2.4) below) the spectral 
parameters i>\ % vi of an exceptional Maafi form are of the form (assuming ^ ^sv\ ^ 3^2) 

{v u v 2 ) = (2/9/3, -p/3 + i 7 ), 7^0, \p\ < 1/2, 

see (2.8) below. It is an easy corollary of Theorem 1 that there are 0(T 2+£ ) exceptional eigenvalues with 
7 = T + 0(1), but more can be shown which can be viewed as a density theorem for exceptional eigenvalues 
and interpolates nicely between the Jacquet-Shalika bounds and the tempered spectrum. 

Theorem 2. For any e > we have 

y~" T 4|p ^ < e T 2+e . 

4>j exceptional 
7J =T+0(1) 

Next we prove a large sieve type estimate for Hecke eigenvalues. Let Aj(n, 1) denote the Hecke eigenvalues 
of the Hecke-Maafi cusp form <pj. 



better bounds are available by the work of Luo-Rudnick-Sarnak, but this is not needed here. Even the value of the constant 
1/2 is irrelevant. 
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Theorem 3. Let N ^ 1, T\,T 2 ^ T sufficiently large, and let a(n) be a sequence of complex numbers. 
Then 

(1.5) Yl l^aH^^^f^^T^rx+^ + r^iv 2 ) 1 ^^^ 

Ti<|^ j) |^2Ti n ^ N 

for any e > where \\a\\2 = (^2 n la(n)! 2 ) 1 / 2 . 

The first term is optimal on the right hand side is optimal. Most optimistically one could hope for an 
additional term of size N (instead of TiT 2 N 2 ), but in any case our result suffices for an essentially optimal 
bound of the second moment of a family of genuine GL{3) L-functions. This seems to be the first bound 
of this kind in the literature. For large sieve inequalities in the level aspect (with very different proofs) see 
[DK, Theorem 4] and [Ve]. 

Theorem 4. For T ^ 1 and any e > we have 

|L(^-,l/2)| 2 « e T 5 + £ . 

T^|i/p' ) |,|4 j) |s:2T 

More applications of the GL(3) Kuznetsov formula to the Sato- Tate distribution of GL(3) Hecke eigenval- 
ues and a version of Theorem 2 for the Langlands parameters at finite places will be given in a forthcoming 
paper [BBR, Theorems 1-3]. 

After the paper was submitted, two other interesting approaches to the GL{3) Kuznetsov formula have 
been developed independently by Buttcane [But2] and Goldfeld-Kontorovich [GK2]. The present tech- 
nique, however, gives the strongest bounds for the Kloosterman terms in the Kuznetsov formula which 
are indispensable for applications to L-functions as in Theorems 3 and 4. One may compare, for instance, 
with [GK2] for which the reader is referred to the appendix which features in Theorem 5 another result of 
independent interest. 

It would be very interesting to generalize the present results and techniques to congruence subgroups of 
SL^{1) of the type 



r (?) 



7 ESL 3 (Z)| 7 = 





* 
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* 


* 


(mod q) | 












The analytic parts of the present argument (in particular the bounds for Whittaker functions and the 
corresponding integral transforms) work without any change. One needs a more general Bruhat decompo- 
sition to calculate the Fourier expansion of the relevant Poincare series, and it would be useful to have an 
explicit spectral decomposition for the space L 2 (ro(<?)\h 3 ). This along with further applications will be 
addressed in [Ba]. 

Acknowledgement. I would like to thank F. Brumley, J. Buttcane, A. Kontorovich, and F. Shahidi 
for enlightening discussions and for answering my questions on various aspects of automorphic forms and 
pointing out errors in an earlier version. Particularly, I would like to thank P. Sarnak for suggesting 
the application given in Theorem 2. The importance of deriving a Kuznetsov formula for GL{3) that is 
user-friendly for analytic number theorists has been discussed at the workshop "Analytic theory of GL(3) 
automorphic forms and applications" at the American Institute of Mathematics in November 2008. In 
particular, the questions of finding bounds in the situation of Theorem 3 and Lemma 2 have been listed 
as open problems. Finally, thanks are due to referee for useful comments. 
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2. Whittaker FUNCTIONS 
Let vi, 1/2 G C. We introduce the notation 

(2.1) uq := vi + v 2 
and (as in the introduction) 

(2.2) ai = 2vi + v 2 , "2 = —v\ + i>2, «3 = —v\ - 2u 2 . 
The transformations 

(2.3) {y\,V2) -» {-Vi,Vq) ->■ (f2, -Vq) -> (-i/2, -^l) -> (-fO, ^l) (^0, 

leave {01,02,03} invariant, and they also leave {|3^o|) 1 1 > l^z-^l} invariant. For convenience we assume 
the Jacquet-Shalika bounds towards the Ramanujan conjecture 

(2.4) max(|Kai|,|Ka 2 |,|Ka 3 |) < \, 
and we always assume unitaricity 

(2.5) {01,02,03} = { -07,-02", -03"}. 
It is elementary to deduce from (2.4) that 

(2.6) max(|^o|,|^i|,|^ 2 |) ^\ 
and to deduce from (2.5) that 

(2.7) i/ , fi, V2, a±,a 2 , o 3 G iR 
or 

{oi, o 2 , o 3 } G {p + i7, -p + 27, -2i7>, 

{^i,!/2,fo} G {2p/3, — p/3 + 27, p/3 + 27} or its translates under (2.3) 
with p,7 G R and |p| ^ 1/2 by (2.4). The choice 

(2.9) (01,02,03) = (p + ij,-p + 27, -2ry), (^1,1^2,^0) = (2p/3, — p/3 + 27, p/3 + 27) 

is unique if we require 3^2 ^ 9^1 ^ 0, 7 ^ 0. 

'l x\ (y 



Let fT = <U 



l) T l) 1 V > °' X G R } ~ GL 2(K)/(0 2 Z 2 ) = 5L 2 (R)/50 2 and 



The Whittaker function W± : f) 3 -)• C is given by 3 (analytic continuation in i/j, 1^ of) 



'l x 2 x 3 \ /yiy 2 

1 x i I I 2/1 I 

The group SL^Z) acts faithfully on fj 3 by left multiplication 

// 1\ /l u 2 u 3 \ \ 

(2.10) yy± ^ (z) = / I^ )l/2 1 1 ui) z) e(-uiTU2)duidu 2 du 

with 

(2.11) /, 1 ^ 2 (z)=yi 1+2l/1+ ^^ 1+2i/2 . 



Some authors use different signs in the long Weyl element, but since the Iv 1 ,v 2 function depends only on 2/1,2/2, this leads 
to the same definition. 
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Compared to [Bu] 4 we have re-normalized the indices uj — > 1/3 + uj. By the formula of Takhtadzhyan- 
Vinogradov we have V2 {z) = e(x\ ± x 2 )W Ul ^ 2 (yi,y 2 ) where 5 



-i 



W, 



(2.12) 



/"OO 

/ Kz y/1 + l/n 2 )^3 Vo (27r yi Vl + ^ 

JO 2 2 



X 



7/2 



du 
u 



It is convenient to slightly re-normalize this function: let 

2 

(2.13) 
and 



■VI, V2 



7T 



j=0 



2 3 



r ( - + 



^1,^2(2/1^2) 



1 ju 3 'C- 
IXSV. 

2 2 



=W„ u „ 2 (yi,y 2 )c„ 1>V2 = 8vr2 J 

i=o 

/•oo 

x / Ks Uo (2TTy 2 y/i + l/u)Ka (2ir yi y/T+ 
Jo 2 2 



2/12/2 



u ) u i^-^) — . 



yi 
112 

du 
u 



2 



If VX1V2 £ ^M, this changes the original Whittaker function only by a constant on the unit circle, in the 
situation (2.9) it changes the order of magnitude by a bounded factor. Often the Whittaker function is 
defined entirely without the normalizing Gamma-factors in the denominator of (2.12) in which case it is 
often referred to as the completed Whittaker function. It is convenient not to work with the completed 
Whittaker function here, see Remark 3 below. (Of course, W vltV2 is not analytic in the indices any more.) 
The GL(2)-analogue of this function is 

-1 



(2.14) 



W v (y) := 2vr: 



1 



+ v 



y/yK v (2iry), 



see [Go, p. 65]. 

We proceed to collect analytic information on the GL(3) Whittaker function. We have the double Mellin 
inversion formula ([Go, p. 155], [Bu, (10.1)]) 



W VuV2 (yi,y 2 ) 



yiy 2 n2 



(2.15) 



uU i r (J + l^i) 
1 



(2m) 



(<*)•/ (01) 



4tt^+ S2 T(U Si +s 2 )) 



Vi 



S1 y 2 S2 dsi ds 2 . 



This implies in particular that W V1V2 is invariant under the transformations (2.3) which is the reason for 
including the normalization constant c UliU2 . Note that 

(2-16) W Uul/2 (yi,y 2 ) = W V2 , Vl (y 2 ,y{) = W w>m (yuy 2 ). 

Uniform bounds for Bessel functions are rare in the literature, but frequently needed in the GL(2) theory. 
We are not aware of any uniform bound for a GL(n) Whittaker function with n > 2. Although the proofs 
of Theorems 1 - 5 do not require bounds for individual Whittaker functions, we record here for future 
reference the following uniform result. 



4 In [Go, p. 154, third display] the values of u\, U2 are interchanged in the definition of /-function, but the following formulas 
are again in accordance with Bump's definition. 

5 The normalization is complicated: the leading constant in [Go, (6.1.3)] should be 8 instead of 4, while the definition [Sta, 
(1.1)] differs from (2.10), in addition to the Gamma-factors, by a factor 2. 
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Proposition 1. Let fi,u 2 £ C satisfy (2.6) - (2.8) and write 6 = max(|Kai|, 1 3R«2 1 , IK0J3I) ^ 1/2. Let 
6 < o"i < a 2 and e > 0. TTten /or any o"i ^ ci, C2 ^ 02 we /iaue 

T?r / N ^ ^1^2 ( Vi \ " x ( 2/2 



,e (i + M + H) 1/2 ~ e V 1 + hi + Ny V 1 + M + 1^2 

Remark 1. This result can be refined somewhat, in particular for small and large yi,y 2 . In the 
"transitional range" it is not too far from the truth. For instance, if v\ = u 2 = iT are large (and purely 
imaginary) and y\ = y 2 = — j^qT 1 / 3 , then the integral in (2.12) is non-oscillating, and it follows from 
(2.12) and known properties of the i-T-Bessel function that W UltV2 (yi,y 2 ) x yi^/r 4 / 3 ', whereas our bound 
gives W Vul/2 (y 1} y 2 ) <C y\y 2 T e ~^ . 

Proof. Let us first assume that v\,v 2 are purely imaginary; we write Dj := ^sfj. By (2.16) and the 
invariance under (2.3) we can assume without loss of generality that 

(2.17) ^ ui < v 2 . 

By (2.15) and Stirling's formula, we have 

p n? =1 (i+K +«ii) a ^ i rii=i(i +1**2- 

j-ooJ-oo n+ki+^oh — 2 — 

(2.18) 



x exp 



(l + |*i + * 2 |) ^ 

3 3 



X XI M ~ ^ E I** 1 + a il ~ J E I** 2 - a il + J*i + * 2 I ) ^1 Cl ^2 C2 ^i dt 2- 

j=0 j=l j=l 



for o"i < ci , C2 < o"2 . It is elementary to check that 

2 3 



(2.i9) — e n - j E + °yi - 4 E ^ 2 " °il + 4 l*i + * 2 > < 

j=0 j=l 3=1 



with equality if and only if 

(2.20) v\ - v 2 < ti < z/i + 2P 2 , ^2 - ^i < *2 < 2z>i + z> 2 , 
or 

(2.21) — 2i>i — i>2 ti ^ ^i — ^2) — ^i — 2z>2 ^ t 2 ^ z>2 — £i- 
For a < b let w a ,b{t) be defined by 

u; , 6 :=min(l,e-5(*- 6 ) )e -f(«-*)) ; 
then the exp-factor in (2.18) is bounded by 

Wv 1 -v2,vi+2v 2 {tl) w V2-vi,'2i>i+V2{t2) + W-^-^^-^ {t\)W-v 1 - 2 v 2 ^ 2 -v x (t 2 ), 

and hence we have 

/OO /'OO 
/ (Wu 1 -u 2ti>1 + 2 u 2 (t 1 )wc, 2 -l> u2 u 1+ C, 2 (t 2 ) + W_2Pi-i52,5i-^(*l)^-i;i-252,p2-^l(*2)) 
-00 J —00 

O Ci — 1 o Cn - 

+«ii)^n- =1 (i 1 

c l+ c 2 

(l + lti+fcl) - 



OO •/ — OO 

11^1(1+1**1+^1)^ rrUu + 1^2-^1)^ _ C1 _ C2 . 

x — ; ; , c 1+C2 -i y 2 dh dt 2 . 
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We consider only the first summand in the first line of the preceding display. The second summand is 
similar. By a shift of variables, the first term equals 

i-d i- C2 r r a \ a \ <± ± \ h - ^1)^(1 + \h\f^Q- + |ti + 3^1)^ 
(2.22) J-ooJ-oo (l + l^ + ^l)^ 2 — 

x (1 + |* 2 + 3^1)^(1 + 1*21)^(1 + 1*2 - ShD^dti dt 2 . 

It is straightforward to estimate this expression. For convenience we provide the details. We recall our 
assumption (2.17) and split the *i,*2 integration into several ranges. Let v\ ^ R ^ i7 2 , and define 

J_ := {*! < 1 R := {R^t^ 2R}, 1+ := {*i > 29 2 }, 

J_ := {t 2 ^ PJ, J+ := {t 2 > v x }. 

We estimate the double integral in all 6 ranges for c\,C2 > 0: 

/ / «f P min(l, ef *) min(l, e^ 2 )((l + ^(1 + z> 2 ))^^ (1 + l' 1 '^ 1 <ft 2 ^ 

JT^Jj- J-odJ-oo (l + |i 1+ i 2 |) 2 

< ((1 + r>i)(l + %)) = 1 (l + £>i)3 ; 



[ [ < r / °min(l,ef' 1 )min(l, e f( 3 ^- t2 ))(l + z> 1 )-5(l + P 2 ) £ 4 £2 - 1 (l + |t 1 |) £l 

c 2~ 1 c l + c 2 i 3 

x (1 + |t 2 - 3£>i | ) 3 dt 2 dti < ((1 + z>i)(l + z> 2 ))~ (1 + vx)*\ 



ci -1 
2 



/"2iJ /-Si —1 , - —l -l 

« / / min(l,e^' 2 )(l + z> 1 ) £2 ^(l + Z > 2 ) £ V 2 ^ 1 (l + i?) £l ^-(l + 1*21)^^2^ 



« (l + Pi) C2 (l + z> 2 )^- 1 (l + J R)^^: 




/2R poo _ 1 _ _i -l 

/ min(l, e^-^){\ + i>x)^ (1 + ^""'(l + R)^^(l + |* 2 - Zv x \f^ dt 2 dt x 
R Jv x 



Cl + CO -i ci — co + 1 

« (1 + P!) C2 (1 + P,)^"^! + R)^^: 



! f < /°° P min(l,ef^ 2 - tl ))min(l,ef' 2 )(l + z> 1 ) £ ^ i (l + P 2 )*^ 1 (l + |ti-3z>2|) £1 ^ i 



'J"- J2S 2 

X (l + |* 2 |)^d* 2 d*l < (l + Z>l) C2 (l + P 2 ) Cl ^^ 



2 



/ / < / / min(l,eT( 3l> 2-*i)) m i n (i )e f(3^-i2))( 1 + z>1 )^( 1 + p 2 )J-i( 1 + | tl _3p 2 |)^ 

X (1 + 1*2-31/11)^^2^! < (l + Pi) C2 (l + Z> 2 ) Cl "i 

Combining all 6 previous bounds, and summing over dyadic numbers R, we obtain the bound of the 
proposition if v\, u 2 £ iM. 

It remains to consider the situation (2.8). The exponential factor does not change, but the fraction in 
the first line of (2.18) becomes now 

ci +p — 1 Ci— p— 1 Cl — 1 

(1 + I*! + 7 |)^— (1 + \ tl + T |) 3 (1 + |*l - 2 7 |) — 



(2-23) (i + | tl+t2 |)^i 



C2+p— 1 — p— 1 c 2 — 1 

X (1 + |*2 " Tl) 3 (1 + 1*2 " Tl) ^ (1 + 1*2 + 2 7 |)-S-. 



10 



VALENTIN BLOMER 



This is independent of p, and the same calculation goes through. □ 

We recall an important formula of Stade [Sta] (cf. also (2.16) and observe that Stade's definition [Sta, 
(1.1)] of the Whittaker function has v\ and V2 interchanged, and his Whittaker function is, up to Gamma- 
factors, twice our Whittaker function). 

Proposition 2. Let v\, u 2 , fix, (J, 2 , s £ C. We use the notation (2.1) and (2.2), and define similarly po and 
/3i,/32)/?3 i n terms of fii,fi 2 . Then we have an equality of meromorphic functions in s: 



Jo 



(yiy 2 ) 3 4r(§ s ) n; =0 ir(| + 1^01 n; =0 ink + 

3. Integrals over Whittaker functions 

For our purposes it is convenient to consider the double Mellin transform of the product of W UltU2 with 
some rapidly decaying function. We are not aware of any explicit formula in the literature, but the next 
proposition gives an asymptotic result which is sufficient for our purposes. This is one of the key ingredients 
in this paper, and therefore we present all details of the lengthy proof. 

Proposition 3. Let A,X±,X 2 ^ 1, t\,t 2 ^ 0, and assume that n + T2 is sufficiently large in terms of A. 
Let !/i,!/2 G C satisfy (2.6) - (2.8) and in addition ^sui,^sf 2 ^ 0. Let 

t x =n + 2r 2 , t 2 = 2n + r 2 . 

Fix two non-zero smooth functions fi, f 2 '■ (0, 00) — > [0, 1] with compact support. Let e > and let 



L = I{yi, v 2 ,t 1 ,t 2 ,X 1 ,X2) 
LfXi =X 2 = 1, then 



W VUV2 (y 1 ,y 2 )fi(X 1 y 1 )f 2 (X 2 y 2 )yf 1 y 2 t2 ' 



Jo 



(yi2/2) ; 



(3.1) / « - n\ + |^ 2 - t 2 \Y a J](i + 

Moreover, there is a constant c depending on fi, f 2 such that the following holds: if 

(3.2) Xi= X 2 = 1, t±,t 2 > 1, - T\\ ^ c, |3fi/ 2 - T 2\ < c, 
then 

(3.3) /xna+Nr 1/2 ; 

i=o 

and if v\,v 2 are given by (2.9) and m addition 

(3.4) X 2 »l, |p|^e, 7>(^i^2) e , I7-T2KC, InKc, 
i/ien 

(3.5) /xXiX^na+h-ir 172 - 

3=0 

All implied constant depend at most on A,e,fi,f 2 and the sign S> should be interpreted as "up to a 
sufficiently large constant". 

Remark 2: This should be roughly interpreted as follows: given ti,t 2 ,Xi,X 2 as above, / as a function 
of v\, v 2 G {z E C : \$sz\ ^ 1/2} is under some technical assumptions a function with a bump at Sz/i = n 

and = t 2 of size XiX2 +maXj 1 '^^'(^o^i^) - with rapid decay away from this point. Most of the 
time we will put X\ = X 2 = 1. Only if we need a test function that blows up at exceptional eigenvalues 



APPLICATIONS OF THE KUZNETSOV FORMULA ON GL(3) 11 

we will choose X 2 to be large. The asymmetry in X±, X 2 in (3.4) and (3.5) is due to the special choice (2.9). 
Proof. By Parseval's formula and (2.15) the double integral in question equals 

r r + iti - m)/ 2 (-i + it 2 - u 2 ) U 3 J=1 r(|(u! + aj )) n 3 =1 n\{u 2 - <*,)) d Ul du 2 

j '(1/2) J '(1/2) 47r ui+ " 2 -lr(i(u 1 + u 2 ))n^ol r (i + l^)l^r 1+l * 1 ^ 1 ^ 1+i * 2 " U2 (27ri)2 ' 

Let us first assume that 

(3-7) H + hK ioo( T i + r 2)- 

In this case the conditions (3.2) and (3.4) are void, so we only need to show (3.1) and take X\ = X2 = 1. 
We apply Stirling's formula to the T-quotient. We argue as in the proof of Proposition 1, see (2.19) and 
the surrounding discussion. The exponential part is given by 

(3n 2 7r 3 7r 3 

3=0 i=i j=i 

As before let us write Vj = ^sfj and assume without loss of generality (2.17). Using (2.20) and (2.21) 
together with the rapid decay of /1 and f 2 it is easy to see that by our present assumption (3.7) we can 
bound I by 

<A/i,/2 (*l + t 2 )~ A - 
In the range (3.7) this is acceptable for (3.1). 

Let us now assume 
(3-8) H + N > i5o( r i+ r 2)- 

We want to shift the two contours in (3.6) to —00. To check convergence, we first shift the ui-integral to 
9ftui = — 2 A — 1 for some large integer A. We observe that 

f(s) « BJ \8\- B C*" B 

for 3is > 0, any B ^ and some constant C > depending only on / (one can take C := sup{x > | 
f(x) 7^ 0}). We also recall that the reflection formula for the Gamma- function implies the uniform bound 

r(- s )«e-tw 1^ 

for ?R.s > 0, min ne z(^s — n) > 1/50. It is now easy to see that the remaining ui-integral for A — > 00 
vanishes, and we are left with the sum over the residues. Next we shift in the same way the U2-integral 
to —00, and express (3.6) as an absolutely convergent double sum over residues. Let us first assume that 
v\ ^ so that 01,02,03 are pairwise distinct. For j £ {1,2,3} we denote by k, I two integers such that 
{j, k, 1} = {1, 2, 3}. Similarly for r £ {1, 2, 3} let s, t be such that {r, s, t} = {1, 2, 3}. Then (3.6) equals 

r( z^i )r(^£t^)r(a^)r(g^-) 



" knu \ T ( l 2 + 1^)1 4vr-^--§r(^±-) 



(3.9) x 4 (-l)"+-(^ - l) n+m 

n\m\{^±^ - 1)„(=2£* _ l) n (2^ _ l) m (« _ i) r 



^^ on!m!( z£^_i )n( z£^ 

7i(-l + aj + iti + 2n)/ 2 (-l - a r + zi 2 + 2m) 



x 



„— l+ay+itl+2ra i-a r +it 2 + 2 m 
A l A 2 
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We can bound the second and third line of (3.9) by 

(3.10) ]T <. AJl j 2 x\-^Xl +u ^(l + |ay + iti\)~ A (l + \a r - it 2 \y A . 

n,m 

Here we have used that by (2.2) we have the following equality of multisets: 

(3.11) {~ a j + a k, -otj + a>i, «r - a s ,a r - a t } \ {—otj + a r } = {±3v , ±3z/i, ±3^ 2 } 

for a certain choice of signs (depending on j,r) whenever j ^ r. In addition we see that we have in the 
special case j = 3, r G {1, 2} (that is, ay = —v\ — 2z/2, a r = 1v\ + v 2 or —v\ + v 2 ) 

/o 19 \ ^ yl-3?« Jy l+SRa r ( 1 + l«i+^ll)" j4 ( 1 + l«r--^2|)" j4 . 



(»,4?(a,o) ^ " _1 " Z min ( (1 + (1 + ' 

We will now carefully analyze all 6 terms 1 ^ ay, a r ^ 3, j 7^ r in the main term under the assumption 
Ti, T2 ^ 0, ^ Qr^i ^ and show that they all satisfy the bound (3.1). Moreover, under the assumption 
(3.2), the term j = 3, r = 1 is of order of magnitude (3.3) and dominates all other terms. Similarly we will 
show (3.5). We will first make the extra assumption 

This ensures that a±, 0:2,03 are not too close together (note that \u 2 \ must be large by (3.8)). By Stirling's 
formula, (3.11) and (2.9) (in the non-tempered case), 



(3.13) 



r(^^)r(=2d^)r(sc=ss*)r(2cf2t) 



n? =0 ir(i + l^)i r ( : 



■Q£j -\-a. r ■ 



« £ TlLot 1 + Kl)° (1) , {j,r} = {1,2} and v x G 
lln=o( 1 + Kl)~ 3 > otherwise. 



2 ^ 

The non- negativity of fi, f 2 implies that the absolute values of the Mellin transforms |/i(— 1 + a 3 + 
iti)\,\f2(— 1 — ai + ) I are bounded from below in the range (3.2) and (3.4) if c is sufficiently small. 
Combining (3.13) and (3.12), we see that under the assumption (3.2) the term j = 3, r = 1 satisfies (3.3). 
Note that (3.2) forces \u±\, |z^ 2 | to be sufficiently large and excludes (2.8). Similarly, under the assumption 
(3.4) the term j = 3, r = 1 (if p > 0) or the term j = 3, r = 2 (if p < 0) satisfies (3.5), whereas the other 
term is of smaller order of magnitude. This is also consistent with (3.1). 

It remains to show that all other terms satisfy (3.1), and are of lesser order of magnitude than (3.3) 
and (3.5) under the respective conditions. Under the assumption (3.2) all 5 terms (j, r) 7^ (3, 1) satisfy 
I ay + it\\ + \a r — it 2 \ ^ Smind^z/il, (Q^l) + 0(1) and can therefore be bounded by (recall (2.17)) 

2 

< E ,A,/ 1: / 2 Wl\~ A H^ + Wn\)-^ 
n=0 

which is dominated by (3.3). Similarly, under the assumption (3.4) the 4 terms (ay,a r ) g" {(3, 1), (3, 2)} 
satisfy \ctj + it\\ + \a r — it 2 \ ^ 3|9^2| + 0(1) and can therefore be bounded by 

2 

n=0 

which is again dominated by (3.5). We proceed now to show (3.1) for X\ = X 2 = 1. It follows from (3.10) 
and (3.13) that all 6 terms ay 7^ a r contribute 

x ,,w ul ., m -A JnLoOL + KI) ^ {J,r} = {l,2} and^GM, 

[lln=o(l + Wn\) 2 , otherwise, 
to the main term. This is in agreement with (3.1) if we can show 



|Gay +ti| + |9a r - h\ ^ - (|i>i - n| + |z> 2 - t 2 \ 
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This is is clear for j = 1 or r = 3 by the positivity assumption v\ , i> 2 , n , T2 ^ (recall the notation 
z>j = 9za), even without the factor 1/2. We check the other 3 cases. In the case j = 3, r = 1 we have again 
the stronger inequality 

| — i>i — 2z/ 2 + n + 2r 2 | + |2z>i + z> 2 - 2n - r 2 | > |ti — z>i| + |t"2 - 

which follows from the easy to check inequality |a| + |6| ^ |a + 26| + |6 + 2a|. In the case j = 3, r = 2 we 
need to show 

| — v\ — 2i> 2 + Ti + 2r 2 | + | — v\ + i>2 — 2n - r 2 | ^ - (In - Pi | + |r 2 - r>2 1) . 

If n — Pi and T2 — P 2 are of the same sign, the first term dominates the right hand side; if t\ — V\ 0, r 2 — P 2 ^ 
0, the second term dominates the right hand side; in either case we do not need the factor 1/2. Finally if 
7"i — l>i ^ 0, T2 — P 2 0, we distinguish the two cases t\ — v\ greater or smaller than P 2 — T 2 '■ in the former case 
the second term dominates the right hand side, because | — v\ + P2 — 2t\ — T2\ ^ 2(ri — v\) — {pi — T2), and in 
the latter the first term dominates the right hand side, because | — V\ — 2£' 2 +t"i+2t 2 | #J 2(z>2 — t 2 ) — {t\ — V\). 
Finally the case j = 2, r = 1 amounts to showing 

I - Pi + P 2 + n + 2r 2 | + |2z>i + i> 2 - 2n - r 2 | ^ - (|ri - £>i| + |r 2 — P 2 |) 
which can be seen as above after interchanging indices. 

Finally we need to treat the case 7^ < e and |z^ 2 | 3> | t~i | + |r 2 |. Here the condition (3.4) is empty, 
and if ri,r 2 are sufficiently large, the condition (3.2) is also empty, so we only need to show the upper 
bound (3.1) for X\ = X2 = 1. We return to (3.9) and partition the 6 terms (j,r) into three pairs 

{(3, 2), (3,1)}, {(2, 3), (1,3)}, {(2,1), (1,2)}. 

The contribution of the first pair is 

~ (_l)n+m r (3|2 _ n )r(3|a - n)T(^ - m)/i(-l -ui- 2V2 + si + 2n) 

/ T(^ - m)/ 2 (-l + VX-V2 + it 2 + 2m) r(^f - m)/ 2 (-l - 2v x - v 2 + rt 2 + 2m) \ 

For I v\ j < e the second line can be bounded by the mean value theorem. Then we use the functional 
equation sT(s) = T(s + 1) of the Gamma-function in connection with Stirling's formula as before and 
bound the preceding display by 

2 

<-A,hJ 2 + + 1^2 + it2\)~ A + K|)~5 

n=0 

and argue as before. The same argument with different indices works for the pair {(2,3), (1,3)}. The last 
pair is only a small variation; its contribution is given by 

71+771^3/2 

!m!4n?=o|r(£ + §i^-)| 

r(^ _ n )r( 3 |a _ m)r(^ _ m)/x(-l - v x + z^ 2 + ii a + 2n)/ 2 (-l - 2i/i - v 2 + zt 2 + 2m) 




7r 3 ^r(^--n-m) 



2 

n)r(=fi - n)T{ z{vo - ul) ~ ™)r(^ - m) 



vr- 3 ^r(^- -n-m) 
xfx(-l + 2i/i + i/ 2 + iti + 2n)/ 2 (-l + U1-U2 + it 2 + 2m) 
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For small this can again be estimated by the mean value theorem giving the crude bound 

<A/i,/ 2 (1^2 + iti\ + \U2 - it2\)~ A (l + 

which is admissible for (3.1). This completes the proof of the proposition under the additional assumption 
that a±, a 2 , 03 are pairwise distinct, that is v\ ^ 0. The case v\ = follows by continuity. □ 

An inspection of the proof, in particular (3.9) - (3.13), shows that for n, t 2 sufficiently large one has 

(3.14) \I(ui,u 2 ,tx,t 2} 1, 1)| 2 ~ I 1 + in -v x + 2ir 2 - 2v 2 )f 2 {-\ + 2i n - 2v x + ir 2 - v 2 )\ 2 

for v\, v 2 G iR in a neighbourhood of in, ir 2 , respectively, and it is very small outside this region. 

4. MAASS FORMS 

Let T = SL 3 (Z). We denote by 

(* * *\ 
* * * c r, Pi 
*/ 

the maximal parabolic subgroup, and by 

U 3 = 

\0 

the standard unipotent group. Analogously, let U 2 := C SL^Ij). 

A Maafi cusp form 4> ■ T\h 3 — > C with spectral parameters v 2 (that is, of type (1/3 + v\, 1/3 + u 2 ) in 
the notation of [Go]) for the group T has a Fourier expansion of the type 





(4.i) = 2 £ ^r^r- E ^ 



^(mi,m 2 ) \ - M , S gn(m 2 ) /V |mima| 



mi=lm 2 ^0 1 Z| 'y€U 2 \SL 2 ( 



m l,l( 7 l) Z l C ^,^2 



,v 2 a ~ 

-1 /•! /-I 



with W±. „ as in (2.10) and c Ul:U2 as in (2.13). The Fourier coefficients are given by 



z)e{-m\x\ - m 2 x 2 )dxidx 2 dx3 = L? m2 -^ W vl%U2 {miy\, \m 2 \y 2 ). 

o Jo Jo |7Tlim 2 | 

We have 

A^,{m\,m 2 ) = A<j,(mi, -m 2 ), 

see [Go, Proposition 6.3.5]. Hence one can alternatively write the Fourier expansion as a sum over mi,m 2 ^ 
1, 7 € U 2 \GL 2 {'L). We will use this observation in the proof of Lemma 1. 

It is expected that v\, v 2 are imaginary, but we certainly know that (2.6) - (2.8) hold. If </> is an eigenfunc- 
tion of the Hecke algebra (see [Go, Section 6.4]), we define its L-function by L((f>,s) := ^ m ^(l,m)m" s , 
and the Rankin-Selberg L-function by 

\A 4 ,(m 1 ,m 2 )\ 2 



(4.2) L(<px4>,s):=((3s) 



mi ,ni2 



m 2s m?, 



It follows from [Lil, Theorem 2] or [Brm, Corollary 2] that the coefficients are essentially bounded on 
average, uniformly in v: 

(4.3) Yl \M m > !)| 2 « + M + N)) £ - 
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The space of cusp forms is equipped with an inner product 

dyx dy 2 



n,92 ■- 



(f)i{z)<f) 2 (z)dxidx 2 dx3 . 
r\f,3 (2/12/2) 



3 ' 



It is known that L(cj) x <j>, s) can be continued holomorphically to C with the exception of a simple pole at 
s = 1 whose residue is proportional to \\4>\\ 2 [Go, Theorem 7.4.9]. The proportionality constant is given in 
the next lemma. 

Lemma 1. For a Hecke eigenform (j) as in (4.1) with ^(1,1) = 1 we have ||</>|| 2 x vesL(cp x (j),s). 

s=l 

Remark 3: This lemma shows that the normalization of the Whittaker functions W Ul)V2 is well chosen 
in the sense that an arithmetically normalized cusp form 1) = 1 should roughly have norm 1. The 

main point is that W UltU2 has roughly norm 1 with respect to the inner product 

'2/12/2 \ dyidy 2 



(f,g)-=J J /(2/1, 2/2)5(2/1, 2/2) det Vl i) Jy[ 



2/2) 3 ' 



Proof. This is standard Rankin-Selberg theory. We use the maximal parabolic Eisenstein series 



E(z,s;l):= £ det^z) 8 = \ £ det( 7 z) s , > 1. 
It follows from (5.7) below that 



2 

7eP\r 76Pi\r 



2 _ 3C(3) 



ies{4>,(j)E(.,s,l)). 



2tt s=i 

We follow the unfolding argument of [Go, p. 227-229] and [Fr, Section 3]. Unfolding the Eisenstein series, 
we see 

(<P,<PE(.,S,1)) = \l \ (j) ( Z )\\yfy 2 ydx 1 dx 2 dx 3 p^. 

Let T denote a fundamental domain for { ( 1 l * ) } \f) 3 , and let GL 2 (Z) := {( 7 i ) I 7 G GL 2 (Z)} C GL 3 (Z). 

Then -Pi\f) 3 is in 2-to-l correspondence with GL 2 (Z,)\J 7 . Inserting the Fourier expansion of one factor and 
unfolding once again, we obtain 



, - -tw |A (mi,m 2 )| 2 f°° f°° ~ 2 2 dyidy 

mi = lm 2 =l l m l m 2| J-ocJ-00 



00 ./ —00 



(2/1 2/2 ) J 



Ltyxfas) 00 f°° - 2/2 ^ s dyidy 2 

= — ttt^ / / WW2 2/1 , 2/2 (2/i2/2 t 73- 

C(3s) 1 /_ oo ./_ 0O (2/12/2) 3 

The lemma follows now easily from Stade's formula. □ 

We are now ready to prove (1.4). 

Lemma 2. For an arithmetically normalized Hecke-MaajJ cusp form (j) with spectral parameters v\,v 2 as 
above we have 

((1 + H)(i + M)(i + Mr 1 « II0II 2 « e ((i + M)(i + N)(i + M)) e 

for any e > 0. 
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Proof. We conclude from Lemma 1 that as in (4.3) the upper bound follows directly from [Lil, Theorem 
2] or [Brm, Corollary 2]. We proceed to prove the lower bound. The idea is taken from [DI2, Lemma 4]. 
We can assume that one of v\, v 2 is sufficiently large. Since AAl, 1) = 1, we have 

W UuU2 (yi,y 2 ) = / / / <j>(z)e(-xi - x 2 )dx 1 dx 2 dx 3 . 
Jo Jo Jo 

for any yi,y2 > 0. By Cauchy-Schwarz we get 

\W„ ltV2 (yi,y 2 )\ 2 ^ (J \(t){z)\ 2 dx 1 dx 2 dx^j IW"^ ^re- 

integrating this inequality and using Cauchy-Schwarz again, we find 

°° f°iw ( m2/ 2 ,i/ 2 dyidy 2 

/ \W vl , V2 (yi,y 2 )\ (2/12/2) 1 3 3 
1 h 2/12/2 



1 Jl JO Jo Jo 



(2/12/2)- 3 / VA) Jo (2/12/2)- 

Since [1, oo) 2 x [0, l] 3 is contained in a fundamental domain for 5L 3 (Z)\f) 3 (see e.g. [Gr]), we obtain together 
with Proposition 2 that the right hand side is 



n|=oir(| + |^)l 2 J 



The left hand side is 



>/ / l^ 1 ,, 2 (2/i,2/2)| 2 (2/i2/2) 1/2 ^H £ - / / |^ liV2 (2/i,2/2)r(2/i2/ 2 ) ] 

Jo Jo 2/12/2 jo •/ 2/12/2 

Again by Proposition 2, this is 

x ((1 + + H)(i + H))- 1 / 2 + o (((1 + H)(i + H)(i + |^ 2 |))- 3/4N 
»((i + |z, |)(i + |z, 1 |)(i + |z, 2 |))- 1 /2 

if one of v\, v 2 is sufficiently large. □ 

We briefly discuss cusp forms u : SL 2 (7 J )\i} 2 — > C for the group SL 2 (Z) and spectral parameter u € iM. 
(Selberg's eigenvalue conjecture is known for SL 2 (Z)). A cusp form u has a Fourier expansion 



u(z) = — W u (\m\y)e(mx) 

m^O v 

where W u was defined in (2.14). Similarly as in Lemma 1 we see that an arithmetically normalized newform 
u has norm 

(4.4) ||u|| 2 = / Kz)| 2 ^ = 2L(Ad 2 u,l). 

JsL 2 {i)\tf v 

Indeed, the Eisenstein series E(z,s) = \ ^s(^z) s has residue 3/tt at s = 1, hence by (2.14) 

yeU 2 \SL 2 (Z) 

2 



lull 2 



53 g„ '"h ' |r ( i/2 + y)P /I N W^HrtJr. W mh,y * 
* .^AdV p * r(i±^)r(i^)r(^)r ( i^) _ 



3C(2) > ' '|r(l/2 + K) 
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the evaluation of the integral follows from [GR, 6.576.4] or Stade's formula for GL{2). Again we see that 
an arithmetically normalized cusp form u is essentially L 2 -normalized, and W u has roughly norm one with 
respect to the inner product 



(/,<?) := f°/(2/)s(?/)det(\)§. 

Jo y 



5. ElSENSTEIN SERIES 

There are three types of Eisenstein series on the space L 2 (T\rj 3 ) according to the decomposition 

L 2 (SL 2 (Z)\f, 2 ) = L| is e l 2 usp e c • 1. 

The first term gives rise to minimal parabolic Eisenstein series: for z G f) 3 and Kz^i, 5iz/ 2 sufficiently large 
we define the minimal parabolic Eisenstein series 

E(z,u 1 ,i/ 2 ) ■= ^2 ^u^iiz) 
-yeu 3 \r 

where I U i,u 2 was defined in (2.11). It has meromorphic continuation in v\ and v 2l and its non-zero Fourier 
coefficients are given by 

(5.1) 

A {vi,v2){mi,m 2 ) W^^imm, \m 2 \y 2 ) 



/ / / E(z,iyi,u 2 )e(—miXi—m 2 x 2 )dxidx 2 dxs 
Jo Jo Jo 



\m im2 \ C(l + 3^o)C(l + 3^i)C(l + 3^ 2 ) 
_ A { Vl ,u 2 ){mi,m 2 ) W^^jmm, \m 2 \y 2 )c~^ U2 

|mim 2 | C(l + 3^o)C(l + 3^i)C(l + 3z/ 2 ) 

(cf. (2.12) and (2.13) for the notation) where 

A {vi,u2){ m ii m 2) = \m 1 \ Ul+2u2 \m 2 \ 2ui+U2 a- 3u2 _ 3t/1 (|mi|, \m 2 \) 
and o- UljU2 (mi,m 2 ) is the multiplicative function defined by 



0-v 1 ,v 2 ( P k \p k2 )=p-" 2kl 



1 p "2(fcl+fc2+2) p("l+"2)(* ! l+*2+ 2 
1 p"2( k l+ 1 ) p("l+f2)( fe l+ 1 ) 
1 1 1 



1 p 2 "2 p 2 ("l+"2) 
1 p"2 p"l + "2 
1 1 1 

This is a combination of [Bu, (6.5), (6.7), (6.8), (7.3), Theorem 7.2]. An alternative description is given as 
follows: A( Ul U2 -)(mi,m 2 ) is defined by 

A (uuU2) (l,m)= d TdfdT 

d\d 2 d^=m 

and the symmetry and Hecke relation 



A {v llV2 ){m,l) = A (u lt u 2 ) (l,m) = A {u2<Ul) (l,m), 
(5 ' 2) A (uuU2) (n,m)= £ M (d)^ 2) (^ 1)^^(1,^), 

<i|(n,m) 

cf. [Go, Theorem 6.4.11 and Theorem 10.8.6] and note his different choice of the /-function. 

Next we define maximal parabolic Eisenstein series. Let s £ C have sufficiently large real part and let 
u : SX 2 (Z)\b 2 — > C be a Hecke-MaaB cusp form with ||u|| = 1, spectral parameter v G tM, and Hecke 
eigenvalues \ u {m). Then we define 

(5.3) E(z,s;u):= ^ det(jz) s u(Tr(jz)) 

7 eP\r 
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where 



yiy 2 x 2 yi x 3 

>f) 2 , I yi xA^( m x l 



1 

is the restriction to the upper left corner. It has a meromorphic continuation in s, and as the minimal 
parabolic Eisenstein series it is an eigenform of all Hecke operators; in particular for s = 1/2 + fi it is an 
eigenform of T(l,m) with eigenvalue 

did.2 = \m\ 

see [Go, Proposition 10.9.3]. We extend this definition to all pairs of integers by the Hecke relations (5.2). 
Coupling this with [Go, Proposition 10.9.1], we conclude that the non-zero Fourier coefficients 

III E(z, 1/2 + fi; u)e{— m\X\ — m 2 X2)dx\ dx 2 dx^ 
Jo Jo Jo 

are proportional to 

Br. iu \(mi,m 2 ) ~ 

(5-4) \ : W u_i„2 l/ (mi3/i,|m 2 |2/2), 

1 7711777,2 | M 3 V >3 V 

and the proportionality constant is 

(k 5) c _ 

V ' ' L(u, 1 + 3/j)L(Ad 2 u, 1)V2 

for some absolute non-zero constant c. This can be seen by setting mi = ra 2 = 1 and comparing with 
[Sh, Theorem 7.1.2] in the special case G = GL(3), M = GL{2) xGL(l), m = 1, s = 3/j, and observing (4.4). 

A degenerate case of (5.3) occurs if we choose <fi to be the constant function (of course, this is not a cusp 
form). For !Rs sufficiently large and z S f) 3 let 

(5.6) E(z,s,l):= ]T det( 7 z) s . 

7 gp\r 

This function has a meromorphic continuation to all s £ C, and it has a simple pole at s = 1 with constant 
residue 

(5-7) vesE(z, s, 1) = 1 (r(3/2)C(3)^ 3 / 2 ) = 

see [Fr, Corollary 2.5] 6 . As the constant function on 5X2(Z)\b 2 is the residue of an Eisenstein series on 
ST2(Z)\f) 2 , the Eisenstein series (5.6) is a residue of a minimal parabolic Eisenstein series and has only 
degenerate terms in its Fourier expansion. 



6. KLOOSTERMAN SUMS 

As usual we write 



x - / md + nd \ 
6(m,n,c):= ^ el 1 



d (mod c) 

for the standard Kloosterman sum. We introduce now GL(3) Kloosterman sums; the following account is 
taken from [BFG]. 



Note that the Eisenstein series in [Fr, p. 164] differs by a factor two from our definition. In [Go, Theorem 7.4.4] our 
definition is used, but the factor 1/2 seems to have got lost in the last display of p. 224 and the following argument. 
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For ni,n2, mi,m2 6 Z, Z?i, Z?2 £ N we define 
5(mi, 777-2, ni, 77 2 , Di,D 2 ) := 

v^v^v^v^ (miBi + ni C*i -D2 - -Z1-B2) \ / m 2 B 2 + n 2 (Y 2 Di - Z 2 Bi] 

(6 . 1} LLLL ^ ^ J e ( w 2 : 

1 ' Bi,Ci(modDi) V 7 V 

-B2,C 2 (mod D 2 ) 
(73i,-Bi,Ci)=(D 2 ,S2,C2)=l 
D 1 C 2 +B 1 B 2 +C 1 D 2 =0 (D1D2) 

where Yi,Y 2 ,Z\, Z 2 are chosen such that 

YiBi + Z1C1 = 1 (mod Di), y 2 #2 + Z 2 C 2 = 1 (mod D 2 ). 

It can be shown that this expression is well-defined [BFG, Lemma 4.1, 4.2]. Clearly it depends only on 
mi, ni (mod D\) and m 2 ,n 2 (mod D2), and satisfies [BFG, Property 4.4, 4.5] 

(6.2) S(mi,m 2 ,ni,n 2 ,Di,D 2 ) = S(m 2 ,mi,n 2 ,ni, D 2 , Di) = S(ni, n 2 , mi, 777 2 , Di, D 2 ). 
Moreover, if pip 2 = q\q 2 = 1 (mod D\D 2 ), then [BFG, Property 4.3] 

S(pimi,p 2 m 2 ,qimi,q 2 m 2 ,Di,D 2 ) = S(mi,m 2 ,mi,m 2 , Di, D 2 ). 
Finally we have the factorization rule [BFG, Property 4.7] 

S(m 1 ,m 2 ,n ll n 2 , D 1 D[, D 2 D' 2 ) 

(6.3) 2 2 2 2 

= S(D[ D' 2 mi,D 2 D' 1 m 2 ,ni,n 2 ,Di,D 2 )S(Di D 2 mi,D 2 D 1 m 2 ,ni,n 2 , D[, D' 2 ) 

whenever {D\D 2 , D^D^) = 1 and inverses are taken with respect to the product of the respective moduli 
that is, 

D^Di = TT 2 D 2 = 1 (mod D' 1 D 2 ), D[D[ = W 2 D' 2 = 1 (mod D X D 2 ). 
This implies in particular 

(6.4) S(mi,m 2 ,n 1 ,n 2 ,Di,D 2 ) = S(D 2 m 1 , m, D 1 )S(D 1 m 2 , n 2 , D 2 ), (D 1 ,D 2 ) = 1. 
For a prime p and I ^ 1 we have [BFG, Property 4.10] 

(6.5) 5(7771,7772, ni, 77 2 , p,p') = S (n t , 0, p)S (m 2 , n 2 p, p l ) + S (m 1 , 0, p) S (n 2 , m 2 p, p l ) +5i =1 (p- 1). 

Essentially best possible ("Weil-type") upper bounds for 5(mi, 7772, n±, n 2 , D\, D 2 ) have been given by 
Stevens [Ste, Theorem 5.1]. The dependence on 7771,7772,771,772 has been worked out in [Butl, p. 39]. 

Lemma 3. For any integers rii,n 2 ,mi,m 2 £ 7L \ {0}, D±,D 2 G N and any e > we have 

5(7771, 7772, 771, 77 2 , D U D 2 ) « {D^) 1 ' 2 ^ ((£>! , D 2 ) (t77i77 2 , [Di , £> 2 ] ) (m 2 77l , [D U D 2 })f /2 

where [., .] denotes the least common multiple. In particular, 

(6.6) E \S(m,±l,n,l,D 1 ,D 2 )\^(X 1 X 2 ) 3 / 2+e (n,mY 

if mn 7^ 0. .AZZ implied constants depend only on e. 

Proof. It remains to show (6.6) which is straightforward: 

£ £ [5(777, ±1,77, l, Dl , D 2 )\^(X lX2 )^^J2(d ld2 )V^ £ E ^ 

D 1 <:X 1 D 2 (iX 2 d 1 \md 2 \n D D^Xi/D D 2 ^X 2 /D 2 

« (X 1 X 2 f^ Y, E « (XiX2f /2+£ (n,my. 

d\ \m d 2 \n 
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Next we define a different class of Kloosterman sums: If D\ \ D 2 , we put 

0, n r> \ S^ST f m 1 C 1 +niC 1 C 2 \ ( n 2 C 2 \ 
S(m 1 ,n 1 ,n 2 ,D 1 ,D 2 ) := e( — e I—— . 

C 1 (D 1 ),C 2 (D 2 ) V / \ 2/ 1/ 

(C 1 ,D 1 )=(C* 2 ,D 2 /D 1 )=1 

Again this sum depends only on mi, m (mod Z?i) and n2 (mod D 2 /D\), and for piqi = 1 (mod Di), P292 = 
1 (mod D2) we have [BFG, Property 4.13] 

S{mipi,niqip 2 ,n 2 q 2 , Di,D 2 ) = S(mi,ni,n 2 , D x , D 2 ). 

We have the factorization rule [BFG, Property 4.15] 

S(mi,ni,n 2 ,DiD' l ,D 2 D' 2 ) = S(miD' 1 , niD' 2 , n 2 D' 2 2 , D\, D 2 )S(miDi, niD 2 , n 2 D 2 , D[, D' 2 ) 

whenever (D 2 ,D 2 ) = 1 and all terms are defined. Finally we have for a prime number p and 1 ^ I < k 
[BFG, Property 4.16, 4.17] 



S(rn 1 ,n 1 ,n 2 ,p l ,p l ) = < 



( 01 2/— 1 1 1 1 1 
p — p , p I mi, p I n\ 

— p 2 ' -1 , p l ~ 1 || mi, I ni 



0, otherwise 
S(m 1 ,n 1 ,n 2 ,p l ,p k ) = 



and 

0^1,741,742,/^ 

unless 

• k <2l and p 2i ~ fc | ni, or 



• k = 21, or 

• k > 21 and p fe ~ 2 ' | n 2 . 
In particular 

<S(mi, n\, n 2 , D±, D 2 ) = unless D\ \ n±D 2 . 
A sharp bound was proved by Larsen [BFG, Appendix]: 

(6.7) 5(mi,ni,n 2 ,£>i,£>2) <min((n 2 , D 2 /D l )D\,[m u n u D 1 )D 2 ) (DiD 2 ) e . 

7. POINCARE SERIES 

Let F : (0, oo) 2 — > C be a smooth compactly supported function (or sufficiently rapidly decaying at 
and 00 in both variables). Let 

F*(yi,y 2 ) ■= F(y 2 ,y 1 ). 

For two positive integers mi,m 2 and z S h 3 let ^F mi> m 2 (z) := e(mia;2 + n^2X 2 )F(miyi,m 2 y 2 ). Then we 
consider the following Poincare series: 

Pmi, 1112(2) := ^ ] ^mi ,m2 (T^) • 

Unfolding shows 



',-Pmi.m 2 )= / 4>{ z )^m 1 ,m 2 {z)dxidx 2 dxz^p—% t 

Ju 3 \t, 3 {ymr 



(7.1) 

= / / / / / (j>(z)e(-miXi-m 2 x 2 )dxidx 2 dx2,F(miyi,m 2 y 2 )- — 
jo JO JO JO JO \Vi 
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for an arbitrary automorphic form (j). In particular, if <f> is given as in (4.1), we find 

A ( f > (mi,m 2 ) ~ , \dy\dy 2 



(7.2) 



Jo Jo m 1 m 2 (yiy2r 



oo poo 



JO 



m\_m 2 A ! j 1 (mi,m 2 ) I I W Ul ^ 2 {yi,y 2 )F(yi,y 2 ) 



2 



dyi dy : 

(yiV2) 3 ' 



We want to apply (7.1) also with <j) = Pm,n 2 where n\,n 2 is another pair of positive integers. The Fourier 
expansion of P ni ,n 2 nas been computed explicitly in [BFG, Theorem 5.1]: For mi,m 2 > we have 



(7.3) / / / Pn 1 ,n 2 (z)e(-mixi-m 2 x 2 )dxidx 2 dx 3 = Si + S 2a + S 2b + S 3 

Jo Jo Jo 

where 

Si = 

Sjg. = ^ ^ S(em 1 ,n 1 ,n 2 ,D 1 ,D 2 )J F (y 1 ,y 2 ,em 1 ,n 1 ,n 2 ,Di,D 2 ) , 

e=±l D 1 \D 2 

m 2 D\=ri\D 2 

S 2 b=^2 ^2 S(em 2 ,n 2 ,n 1 ,D 2 ,Di)J F * (y 2 ,y 1 ,em 2 ,n 2 ,n 1 ,D 2 ,D 1 ) , 

e=±l D 2 \Di 



S 3 = ^ S(e 1 m 1 ,e 2 m 2 ,n 1 ,n 2 ,D 1 ,D 2 )J(y 1 ,y 2 ,e 1 mi,e 2 m 2 ,n 1 ,n 2 ,D 1 ,D 2 ) 
ei,e 2 =±l D 1 ,D 2 



The Kloosterman sums have been defined in Section 6 and the weight functions are given as follows: 
(7.4) 



ft n n A 2 f, \ ( niD 2 y 2 x x x 2 

JF{yi,y2,m l ,n 1 ,n 2 ,D 1 ,D 2 ) = y x y 2 \ e{-m\X\y\)e\ — T — 

Jr* V Df xf + 1 



(7.5) 



x P ( n ^ . X2 \ F ( n ^ D ^ . V x i + x 2 + 1 n 2Di Vg+j \ 
Xe \ yi y 2 Dl x* + x* + l)*\ D\ x\ + l ' yi y 2 Dl x\ + x\ + 1) aXl ^ 

J(yi,y 2 ,m 1 ,m 2 ,n 1 ,n 2 ,D 1 ,D 2 ) = {yiy 2 ) 2 

f ( mD 2 xxx 3 + x 2 \ ( n 2 D x x 2 (xix 2 - x 3 ) + xi \ 

x p f L^lEl . V(xix 2 -x 3 ) 2 + x( + l ^ n 2 D x _ ygj + g + 1 \ ^ ^ ^ 
ll? 2 y2 a^ + a^ + l ' D\y\ ix\x 2 - x 3 ) 2 + x\ + 1 y 

8. Spectral decomposition 

We have the following spectral decomposition theorem [Go, Proposition 10.13.1]: If <f> G L 2 (r\fj 3 ) is 
orthogonal to all residues of Eisenstein series, then 

j J(o) J(o) 

+ J2 [ E{-, 1/2 + ft Uj ))E(., 1/2 + n; Uj )dn + -L / (0, £(., 1/2 + /x; 1/2 + pt; 1)^ 

,7(0) 2? ™ 7(0) 27 ™ 



(4vri) 2 



where the first j-sum runs over an orthonormal basis of cusp forms <pj for SL 3 (Z) and the second j-sum 
runs over an orthonormal basis of cusp forms Uj for SL 2 (^). 
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Therefore we have for 4 positive integers n-i, 712, mi, 7B2 an equality of the type 

(-F711 ,ri2 > Pmi ,m2 ) ^""^ \-Fni,Ji2J < frj)\4 > ji -^7711,7712) 



nin2m\m2 



+ . . . (continuous spectrum). 



We refer to the right hand side as the spectral side and to the left hand side as the arithmetic side. 

We proceed to describe the spectral side and the arithmetic side more precisely. We define an inner 
product on L 2 ((0, oo) 2 , dy\dy 2 / {yiy2f) by 



(f,g) 



00 roo 



JO 



7(2/1,2/2)2/(2/1,2/2) 



dy\dy 2 

(2/12/2)" 



Let {4>j} denote an arithmetically normalized orthogonal basis of the space of cusp forms on L 2 (S X3(Z)\f) 3 ) 
that we assume to be eigenfunctions of the Hecke algebra with eigenvalues Ay (mi, 7712). Let {uj} be an 
arithmetically normalized orthogonal basis of the space of cusp forms on L 2 (SX2(Z)\h 2 ) that we assume 
to be eigenfunctions of the Hecke algebra with eigenvalues Xj(m) and spectral parameter Uj S iM.. 

Proposition 4. Keep the notation developed so far. Let F : (0, oo) 2 — > C be a smooth compactly supported 
function, and let mi,ni2,ni,n2 G N. Then for some absolute constant c > the following equality holds: 



E 



Aj(n 1 ,n2)Aj(m 1 ,m 2 ) 



\(W vl ,v 2 ,F)f 



•1) 



where 



12) 



^2a 



^2b 



A(y 1 ,v 2 )(ni,n2)A( vl>u ^(mi,m 2 ) 



+ 



(4™) 2 7 (0) J (0) |C(1 + 3i/ )C(l + 3i^)C(l + 3z/ 2 )| 2 



E 



B^ Uj ){n 1 ,n2)B (p , aj) (mi,m2) 



2iri *y y (0) |L( Ui> 1 + 3/i)| 2 L(Ad 2 n i , 1) 

Si + T>2a + ^2b + S3, 



F)\ 2 d^ 



Si — ^TTll ,711 ^7712 ,712 ll-^ll , 



E E 

e=±l Di|D 2 

E E 



e=±l D 2 |Di 

7711^2=712 

E E 

ei,e 2 =±lDi,fl 2 



S(emi,ni,n 2 ,-Di,-P2) 
D1D2 

5(em 2 ,n 2 ,ni,.D2,-Di) 
D1D2 



c;F 



nin2mi 
^1^2 



S(eim 1 ,e 2 m2,ni,n 2 ,Di,D2 



1-^2 



nin 2 m 2 \ 

/ \/min2Di ^m 2 niD 2 



T/ie weight functions J and J are given by 



(8.3) 



J e;F (A) = A' 



F 2/2 



OO rOO />00 /'OO 



J 



e(-eAxiyi)e y 2 



00 j —00 



.r 2 



yjx{ +xf+l A yjx{ + 1 



^1^2 \ / A 

x\ + l) V 2/12/2 xf + x| + l 
*/i ^2/2 



x? + 1 



2/12/2 a;f + x l 2 + 1 



F(Ayi,y 2 )^i dx 2 



2/12/1 



APPLICATIONS OF THE KUZNETSOV FORMULA ON GL(3) 23 

pOO pOO pOO pOO rOO 

Je 1 ,e 2 {Ai,A 2 ) = (A 1 A 2 )~ 2 / / / / / e{-e 1 A 1 x l y 1 -e 2 A 2 x 2 y 2 ) 

JO JO J— oo J— oo J— oo 

/ A 2 xix 3 + x 2 \ ( A 1 x 2 (x\x 2 - x 3 ) + xi \- Fr - r 

x f I''— • V^-^+^+l^. Vg+g+i \ dxidX2dx3 dmdm^ 

\V2 x^ + x^ + 1 2/1 (xix 2 - x 3 ;H + + ly j/12/2 

Proof. The spectral side (8.1) follows from (7.2) in combination with (5.1) and (5.4), (5.5). Note that 
E(z, 1/2 + /i, 1) does not contribute because it has only degenerate terms in its Fourier expansion. 

Upon combining (7.1) and (7.3), we obtain the arithmetic side (8.2) after applying a linear change of 
variables 

/ nin 2 2/2 
V D\D 2 m\ m 2 

in (7.4) and observing m 2 D 2 = n\D 2 (and with interchanged indices for T, 2 b), and 



/ n 2 Di / niD 2 

in (7.5). □ 

Formally (8.1) and (8.2) resemble the GL(2) Kuznetsov formula, but in its present form it is relatively 
useless as long as we do not understand the transforms \(W Ul:U2 , F)\ 2 and J ,J for a given test function 
F. The present formulation has the important advantage that the weight functions on the arithmetic side 
(8.2) do not depend on ni,n 2 ,mi,m 2 , Di, D 2 individually, but only in a coupled fashion. This is, of course, 
a well-known phenomenon in the GL(2) world. 

We choose now 

(8.5) F(2/i,2/ 2 ) = F/,x lM ,^^ 

for X\ , X 2 , R\ , R 2 ^ 1, ti,t 2 ^ 0, r\ + t 2 ^ 1 and / a fixed smooth, nonzero, non-negative function with 
support in [1,2]. Analytic properties of (W V1 V2 , F) have been obtained in Proposition 3. We summarize 
some bounds for the weight functions occurring on the arithmetic side in the following proposition. 

Proposition 5. With the notation developed so far, we have 

(8.6) ||F|| 2 x (X^fRMR! + R 2 ). 



Let Ci,C 2 > 0, e > 0. Then 



(8.7) J e . F (A) | « X l X2R M R ^ + R *) 



and 



0, if A ^ (IOOX1)- 3 / 2 + (100XiX 2 )- 3/4 , 
J tx ^{A x ,A 2 ) < {X^XtfRMRx + R2) 

x fi+Am^Y' (ii^fftij)) a ((Xl + Al)(X2 + A2)) . 

y n + t 2 y y n + t 2 J 

J ei , e2 (A u A 2 ) = 0, if mm(A 1 AlA 2 A 2 1 ) < (lOOA^)- 3 / 2 . 



Even though W vil i^ just fails to be in £ 2 ((0, oo) 2 , dyidj/2/(j/ii/2) 3 ), the inner products exist by the decay properties of F . 
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In the special case when A±,A 2 ^ 1, X\ = 1, X 2 = X ^ 1, i?i + i?2 ^ r i + T 2 ccm ^ e improved to 
(8.9) .WAi, A 2 ) « X 2 ^fi 2 +A ' / 2 A l + ^i ^ ((jRi+jR2)x)£ . 

y n + T 2 j y ti + t 2 j 

Let g be a fixed smooth function with compact support in (0, 00). Then for R\, R2 ^> 1 sufficiently large we 
have 



r T 9 fe) 9 (S) ^ 2 (Ai,A 2 )dTidr 2 



On i/te Ze/t Zianrf side we have suppressed the dependence of jT ei £2 on ri,T2. 

Remark 4. The bounds (8.7), (8.8), (8.10) are not best possible, but (8.9) is likely to be best possible. 
The important feature is that (8.7) and (8.8) effectively bound Ai, A 2 from below, and therefore D\, D2 in 
(8.2) from above. For example, for the contribution of the long Weyl element, we can essentially assume 

(m 1 n 2 ) 1/3 (m 2 ni) 2 / 3 (min 2 ) 2 / 3 (m 2 rti) 1/3 

L>\ ^ ; , L>2 ^ ; 

T\ +T2 T\ + T 2 

if Xi = X 2 = 1. It is instructive to compare this with the GL{2) situation: one can construct a sufficiently 
nice test function h on the spectral side with essential support on [T, T+l] such that the integral transforms 

h ± in (1.1) are negligible unless c ^ - — 4, — . 

The bound (8.10) shows that integration over ti,t 2 can be performed at almost no cost, in other words, 
we save a factor (i?ii? 2 ) 1 ~ e compared to trivial integration. 

Remark 5. Choosing / (2/1,2/2) = e~ 27r( - yi+y2 ^ (2/12/2) 100 (say), the two 2/-integrals in (8.4) can be com- 
puted explicitly using [GR, 3.471.9], giving two Bessel--ff-functions with general complex arguments. It is 
not clear how to take advantage of this fact. 

Proof. Equation (8.6) is clear. We proceed to prove (8.7). Let us write 

£i:=x? + l, £ 2 = x 2 + x| + l 

in (8.3). The support of / restricts the variables to 

(XiA)" 1 < 2/1 < 2{X 1 A)~ 1 , X^ 1 < 2/2 < 2X^\ 
(8 ' 11} X 2 /(2X l ) < < 2X 2 /Xi, (A'X.Xlr 1 ^ tl' 2 ^ 1 < 8(A 2 X 1 X|)- 1 . 

The second set of conditions in (8.11) implies £1 x A 4 / 3 X 2 and £ 2 x A 8 / 3 (XiX 2 ) 2 . Hence the second part 
of (8.7) is clear and a trivial estimation shows 



J e - F (A) <C R^Ri + R 2 )X 2 X 2 . 
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In certain ranges this can be improved by partial integration. We have 

J\2-i(n-T2) 



JO J — oo J — oo 



>< im) e LJ:^ ***»*™>f (^^W-) 

x / ( ^ ■ X2 + i ^ TI > | ,r 3l(T1+T2 V 3m ^i ^ 2 ^% 

\ 2/12/2 x{ + x z 2 + l J ~ yiy| 

We can assume that C\ is an integer. Then C\ successive integrations by parts with respect to y\ yield an 
additional factor 

yi \ f Al _ A\x 2 \ l\\ Cl (i + A 2 / 3 \ Cl 



(8-12) < Cl Ml" ) [ A\ Xl \ + + - « Cl 

VV r i+T 2 y V &2/iI/2 2/1// \ v ri+r 2 y 

in the support of /. 

The bound (8.8) can be shown similarly, but the estimations are a little more involved. Here we write 

(8.13) & := ( Xl x 2 - x 3 ) 2 + xj + I, & = z§ + sij + 1 
and truncate 

(X^x)- 1 < yi < 2(X l A l )~ l (X 2 A 2 y l ^y 2 ^ 2{X 2 A 2 )~\ 

(8.14) 17o 1/0 

(2X 1 X 2 Ai)- 1 < er $2 < 2(X 1 X 2 ^|)- 1 , (2XiX 2 Af ) _1 < e 2 V ei" 1 < 2(X 1 X 2 A 2 )- 1 . 

This implies 

(8.15) 6 x ~ 2 := A 4 1 /3 A 8 2 /3 (X 1 X 2 ) 2 , ^1 Si := ^^(X^) 2 
which yields in particular the second part of (8.8) as well as 

XI < A2 /3 Af /3 XiX 2 , X 2 < A 2/3 A2 /3 XiX 2 , X 3 < A 2/3 A2 /3 XiX 2 , 

For future purposes we study the volume of the set of (xi,x 2 ,x 3 ) defined by (8.15) or by 
(8.17) & = H 2 (l + 0(l/i? 2 )), Ci = 3i(l + 0(l/fli)). 

Lemma 4. For Si,S 2 ^ 1 and any e > we have 

dx! dx 2 dx 3 < (HiH 2 ) 1/2+e . 



Moreover, 




Xl,X2,X3 
satisfying (8.15) 




77 U/2 

dxidx 2 dx 3 < (5i5 2 i?ifl 2 ) E D p — • 

ix\ti 2 

X\ ,X2,Xz 
satisfying (8.17) 

We postpone the proof to the end of this section. A trivial estimation now implies 

_ , . . s R\R 2 (R\ + R 2 ) f f f , , , 
J ei , e2 (Ai, A 2 ) < ^ ^ 2 J J J dx ^ dx 2dx 3 

Xl,X 2 ,X3 
satisfying (8.15) 

« R 1 R 2 (R 1 + R 2 ){X 1 X 2 ) 2 {(X 1 + Ai)(X 2 + A 2 )f. 
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Alternatively we write 



R±R 2 (Ri + R2) 



3 >""1 /--% ir 2 



£1 2 £2 2 e (-ei^i^iyi - £2^2X22/2) e 



A 2 X1X3 + x 2 



00 \ V2 xl + xl + 1 

At x 2 (xix 2 - x 3 ) + x\ \- ( XiA 2 y/(xix 2 - x 3 ) 2 + x\ + 1 

x e t .„ , 2— f(X x A x yi)f 1 



.18) 

Vl (X1X2 - X 3 ) 2 + x\ + lj J ^' L ^ LylJJ \ y 2 x 2 +x 2 + 1 

7/y x v , ^2^1 + x 2 + 1 \ r , , dyi dy 2 

x f{X 2 A 2 y 2 )f \ — 2TT dx 1 dx 2 dx 3 

y 2/1 (xix 2 - x s y + x{ + I J yiy 2 

using the notation (8.13). We can assume that C X ,C 2 are integers. Integrating by parts C\ times with 
respect to 2/1 and C 2 times with respect to y 2 introduces an additional factor 

( ( Vl \ ( A I I , ^iM^i^ -x 3 ) +Xx| l xx 
<Ci,C 2 ; ^1F1 + 27 + — 

\\Ti+T 2 J V 2/16 yi. 

2/2 \ ( , 1 1 , ^2kl^3 +^2| , 1 x x 
A 2 \x 2 \ H ^- 1 



,Ti +r 2 / V 2/262 2/2 

and (8.8) follows by (8.16) and the same argument that led to (8.7). 

The proof of (8.9) is a small variant of the preceding argument. We need to save an additional power 
of R\ + R 2 which comes from a more careful treatment of the y\ , 2/2-i n tegral. Let rj > be small. If 
1 + A^A^X ^ (i?i + R 2 y-^, we replace d in (8.8) by C\ + 7] 1 saving a factor 



\ + ArA lz xY lh 



>Ri + R 2 . 



\ R\ + R 2 J 

The same argument works if 1 + A^A^X ^ (i?i + R^ 1-7 ^. In the remaining case 

1 + Al /3 A?, /3 X ^ (R t + R 2 )^ and 1 + A^A^X ^ (i? a + J R 2 ) 1 ~ ,? 
it is enough to show 

(8.19) J £u€2 (A 1 ,A 2 )dr 1 dT 2 < R^X 2 ^ + R 2 )X) £ ; 

then the bound (8.9) follows with e + r/(Ci + C2) instead of e. To this end, we combine as before (8.18) and 
the first part of Lemma 4, and need to show that the y\ and y 2 integral in (8.18) are both <C (n + t 2 )~ 1 / 2 x 
{R\ + R 2 )~ l l 2 . Our present assumption X\ = 1, X 2 = X ^ 1, A±, A 2 ^ 1 together with the size constraints 
(8.14) - (8.16) imply that the 2/1 integral is of the form 

(8.20) y^ + ^e(-e 1 A 1 x 1 y 1 )w(A 1 y 1 )^- 

Jo 2/1 

where w is a smooth function with support in [1, 2] and and w^(y) <Cj 1 uniformly in all other variables. 
We can assume that ei = sgn(xi) and \x\\ x t\ + t 2 , otherwise we can save as many powers of n + t 2 as 
we wish by repeated partial integration. In that case we make another change of variables and re-write 
(8.20) as 

r ( '3 \ /3(n + 72) \ dj/i 

A standard stationary phase argument bounds this integral by (t\ + T2)~ 1//2 : we cut out smoothly the 
region 2/1 = 1 + 0((t\ + t 2 )~ 1 / 2 ) which we estimate trivially. For the rest we apply integration by parts. 
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The treatment of the y 2 integral is very similar. Here our assumptions imply that the integral is of the 
form 



oo 



3i(n+r 2 ) / A 2 xix 3 + x 2 \ . . ,dy 



2 



and the same stationary phase-type argument gives a saving of (n + t 2 )~ 1 / 2 . 
Finally we prove (8.10). Let 

Z :=R l R 2 {X l +A 1 ){X 2 +A 2 ). 

As before we see that we can assume 

(8.21) 1 + Af 3 4 /3 (Xi + X 2 ) > (i?! + R 2 )^ and 1 + A 2 2 ri A\ / \x l + X 2 ) > (R, + R 2 ) 1 ^; 
otherwise we integrate trivially over ti,t 2 . In the situation (8.21) it is enough to show 8 

(8.22) J°° J°°g (j^J g J eue2 (A u A 2 )d n dT 2 « R 1 R 2 (R 1 + R 2 )(X 1 X 2 ) 2 Z £ ; 

then the bound (8.10) follows with e + rj(Ci +C 2 ) instead of e. In order to show (8.22), we integrate (8.18) 
explicitly over t\ , t 2 and observe that 



OO J oo 



„„. iJi, A x \ _ [ R 2 , A 



27r "° ^te) 3 ?! 72 / V 2 ^ ^i(yiy 2 ) 3 e 2 3/2 



2 



Since g is smooth, g is rapidly decaying, and up to a negligible error of Z we can restrict £i, £2 to 

^ 2/3 A „/ 1 \\ A 2 / 3 / / 1 



23) a = ^- HO — , 6= , 2 - 1 + 



A 2/3 ( yiy2 ) 2 V v^;;' ^W 2 v 

We note that ^(A 2 / 3 ^^) 2 ) -1 ~ Si, A 2/3 (,4f 3 (yiy 2 ) 2 ) -1 - S 2 in the notation of (8.15). Hence a 
trivial estimate bounds the left hand side of (8.22) by 

(RiR2) 2 {Ri + R2) [ [ [ , , , 

satisfying (8.23) 

and the desired bound follows from the second part of Lemma 4. □ 

It remains to prove Lemma 4: the conditions £1 ^ Si, £2 ^ S 2 are equivalent to 

2 



xi < S 2 - 1, xl < ~ 2 - 1 - si ( a?i 9~~t ) < 



x 2 x 3 \ Si - 1 xi 



^ v ^i + i; "^+1 (xi + i) 2 ' 

Hence 

dxi cte 2 <2x 3 sC 8 / / 2 ^ 1 1 M/2 dx3 ^ < ( s i"2) 1/2 log(l + S 2 ) 

JO ■/ 1^2 + 1J ' 

£i<Hi,£ 2 <Ba 



recall that J ei ^ 2 {Ai, A2) depends on Ti,T2 although this is not displayed in the notation. 
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This proves the first part of the lemma. The second part is more technical. The conditions (8.17) imply 
x% < E 2 | 1 + 4- I - 1, 3 2 ( 1 - 4 I - 1 - x\ \< x\ £ E 2 ( 1 + 4 I - 1 - af 



2 ^ 2 V L + W~ ' 2 v 2 ^ 3 ^ 2 V 2 ' 

3i(l - c/Rx) - 1 x 2 / xgX3_ \ 2 < 5i(l + c/fli)-l 



X 2 + 1 (x 2 + l) 2 "V 4 + iy " X 2 + 1 ( X | + 1)2 

for some constant c > 0. We separate four cases for the range of X3. 

Case 1. If (Hi(l + c/R\) — l){x 2 + 1) < x 2 , then the condition on xi is empty. 

Case Let us assume 
(8.25) (Hi(l - c/R x ) - l)(x| + 1) < x 2 < (Hi(l + c/R x ) - l)(x| + 1). 

Then the volume of the xi-region is 

/ ■!(! + c/flQ-l _ 4 \ 1/2 / 2c Sl \ l ' 2 

" v ^1+1 (^i + i) 2 ; " Ui(^ + i)y ' 

The region (8.25) and the second inequality in (8.24) have a non-empty intersection only if 

(8 26) m-c/R2) 2 ^ E 2 (l + c/R 2 ) 

(8 - 26) Si(l + c/R\) 1<X *^E 1 (l-c/R 1 ) L 

If Ri,R 2 > 2c (which we may assume), this condition is empty unless E 2 ^ 3 Si. This implies x 2 ^ 3S2/S1 
and x| + 1 x E 2 jE\. In the following we will frequently use the inequality \[A — \f~B ^ (A — B)A~ lj/2 for 
A ^ B ^ 0. Since we are assuming that Si, 32 are sufficiently large, we can deduce from (8.25) and the 
second inequality in (8.24) that the volume of the X3-region is 



.27) <C min 



r „l/2 CT l/2' 

^2 ^2 



R2 ' Ri I 

(uniformly in X2) and hence the total contribution under the assumption (8.25) is 



/ 



(=■1=2) 1 



dxo x / — -7- dx 



/x 2 G(8.26) R\ /2 (Ri + R 2 )(xl + 1)V2 A 2 G(8.26) i^ /2 (i?i + i? 2 ) 

The region (8.26) describes an interval of length ©((iij -1 + i? 2 ~ 1 )32/3i) for x|, hence the total contribution 



is 



as claimed. 

Case 3. For a parameter 1/3 ^ a ^ c/i?i consider the region 

(8.28) (3i(l - 2a) - l)(x 2 + 1) < x| < (3^1 - a) - l)(x| + 1). 
The procedure here is very similar to case 2. The xi-volume is at most 

< ^ lC / Rl ( / c\ 4 y 1/2 s]g 

" (x 2 + 1)V2 V ^ V i? 1) xl + l) R^xl + iy/^a 1 / 2 ' 

The region (8.28) and the second inequality in (8.24) have a non-empty intersection only if 

(8.29) M!^_ 1 ^ < %fi+^)_ 1 . 
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In particular this implies x\ + 1 x H2/H1. As in (8.27) we see that the X3-volume is <C H^ 2 min(i? 2 1 , a) 
hence the total contribution in the present subcase is 

f Himin^o 1 ,^) , Si min(_R7 1 , a) H 2 /2 ( 1 1/2 \ (HiH 2 ) 1/2 

< / P 1/2 dX2< P 1/2 1/2 ^72 + " « P P • 

A 2 e(8.29) .Ria 1 /; i^a 1 ^ gi/J ^1/2 y i?ii? 2 



Case ^. Finally we consider the region X3 < (El/3 - l)(x| + 1). In this case the xi-volume is 
JHic/^W / c \ xj \' 1/2 

" (x| + 1)V2 ^ + x 2 + ly ) ^^(^2 + 1)1/2- 

The length of the X3 interval is at most 

4cH 2 



i? 2 (H 2 (l + c/i? 2 )-l-x|)V2' 
Hence the total contribution is at most 



,l/2„ , 

4' = 2 ax 2 



^.(l+c/Jfc)-! i?li? 2 (x 2 + 1) 1 /2(H 2 (1 + c/iij) - 1 - x|)l/2 



#i#2 J 1^x^*2(1+0/ r 2 )-i i?ii? 2 x(H 2 (l + c/i?j) - 1 - aj|)V2 
This last integral can be computed explicitly: 



dx _ log(x) - \og{Z + y^Z-x 2 )) 



x(Z-x 2 )V2 

and the desired bound follows. This completes the proof of the lemma. □ 



9. Proofs of the Theorems 

For the proof of Theorem 1 we choose n\ = n 2 = m\ = m 2 = 1 and combine (8.1), (8.2), Lemma 
1 and Propositions 3 and 5. We choose t± = R± = T±, t 2 = i? 2 = T 2 and X\ = X 2 = 1 in (8.5), fix a 
function / and drop all these parameters from the notation of F. By the second part of (8.7) and (8.8), 
the Kloosterman terms £ 2a ,£ 2 b,£3 are finite sums over D\,D2 and hence are 0((TiT 2 ) -100 ) by the first 
part of (8.7) and (8.8). The diagonal term (8.6) is >c T\Ti(T\ + T 2 ). On the spectral side, we drop the 
Eisenstein spectrum and large parts of the cuspidal spectrum to conclude by (3.3) and Lemma 1 the upper 
bound 

(raL(s, 4>j x h)) < T i T 2(Ti + T 2 ) 

\v[ j) -iT^c 
W ( 2 3) -iT 2 \^c 

for some sufficiently small c and ?i,T 2 ^ Tq, and hence 

(9.1) ( s r f S i L ^' ^ X 1 <K T i r 2(Ti + T 2 ) 

|^ j) -iT 2 KK 

for any if ^ 1 by adding the contribution of O^(l) balls. To prove the lower bound, we choose (once and 
for all) K so large that 

E ii^ir 2 i(^ 2 ^>i 2 <^ni 2 

max( I u[ j) - tTi | , | - iT 2 1 ) >K 
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which is possible by (9.1) and (3.1). We bound the Eisenstein spectrum trivially: the second line of 
(8.1) contributes 0{{T\ + T 2 ) £ ) by known bounds for the zeta function on the line 3f?s = 1, the third line 
contributes similarly 0{(T\ + T 2 ) 1+e ) by Weyl's law for ST^Z) and lower bounds for the L-functions in 
the denomiator [HL, HR]. Hence we obtain 

£ ll^ir 2 l(^ 2 ^}| 2 ^^M 2 + o((r 1 + r 2 ) 1+£ ), 

\v[ j) -iT x \^K 
\u { 2 j) -iT 2 \^K 

and the lower bound in Theorem 1 follows from (3.1) and (8.6) for Ti,T 2 sufficiently large. □ 

The proof of Theorem 2 proceeds similarly. As mentioned in the introduction, as a direct corollary 
of Theorem 1 we find that the number of exceptional Maafi forms <f>j with = T + 0(1) is 0(T 2 ). In 
order to prove Theorem 2, it is therefore enough to consider those Maafi forms with \pj\ ^ e. Moreover, by 
symmetry it is enough to bound only Maafi forms satisfying (2.9). In (8.5) we take r 2 = i? 2 = T, Ri = 1, 
T\ = 0, X\ = 1, X2 = X = T s for some 5 > to be chosen later. With this data, the spectral side, after 
dropping 

• the tempered spectrum, 

• the Eisenstein spectrum and 

• those parts of the non-tempered spectrum not of the form (2.9) with \pj\ e, 
is by (3.5) (note that (3.4) is satisfied) and the upper bound of (1.4) at least 



<f>j as in (2.9) 
lj=T+0 (i) 



On the arithmetic side, the diagonal term is x T 2 X 2 by (8.6). Next by (8.7) we have 

S 2a « T 2 X Y |S(*M,M?i,£ 2 )l r -io2 <<; XT -ioo 



£>i<i 1 
and 

s 2b « t 2 x 2 E feliliiig^Ill r- 102 « x 2+e T- im 

by (6.7). (Note that we are exchanging X\ and X2 for S 2 6.) The long Weyl element contributes at most 
(92) (TX2)1+C E | g ( ± l,l.l.l,ft.ft)l (l±j^)- a (l±|^i)- C ' « (TxY^f 

which follows by combining (8.9) and (6.6). Choosing X = T 2 completes the proof of Theorem 2. □ 

We proceed to prove Theorem 3. Again we choose X\ = A 2 = 1, R\ = T\, i? 2 = T 2 in (8.5), fix 
a function / and then drop R\,R2, Xi , X 2 , / from the notation of F and keep only n , r 2 . We also fix a 
suitable non-negative smooth function g with support in [1/2, 3] as in Proposition 5. Let T := max(Ti, T 2 ). 
The left hand side of (1.5) is, by (3.3) and the upper bound of (1.4), 



1 p2Ti r2T2 I 

« T£ Eimi2 / / KWuu^FT^dndTzl V a(n)Aj(n, 1] 
, \\9j\\ J Tl Jt 2 l ns?7V 
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We cut the n-sum into dyadic intervals, insert artificially the function g and bound the preceding display 
by 



<C (NTY max V 



oo J —oo 



g (JM g ( \(W UuU2 ,F TuT2 }\ 2 dndT 2 \ ]T a{n)A 3 {nX 



To 



M<n<2M 



Next we add artificially the continuous spectrum getting the upper bound 

1 2 



\ 3 J ~ ooJ ~ 00 v iy v z/ " Y 3" M^nsg2M 

X , , ,oo /-OO g ( £M <? ( §M | ( ^ ^ , F Tl ^ ) \ 2 



C x - 

+ 2^i^ 



oo roo 



(0) J —oo J —oo 



\L(1 + 3fi,Uj)\ 2 L(l, Ad 2 uj] 



-dT 1 dT 2 \ ^2 a{n)B^ Uj {n,l) 



M<n<2M 



dv\dv 2 



We open the squares and apply the Kuznetsov formula, that is, we replace the three terms of the shape 
(8.1) with the four terms (8.2). We estimate each of them individually. The diagonal term contributes by 
(8.6) 



« (NTf max ]T |a(m)| 2 f° f° g (£\ g T^ft+tydndn « (NTfT 2 T 2 {T l+ T 2 )\\ 

"~ M«n<2M J-ooJ-oo \ 1/ V 2/ 



"Hi- 



This is the first term on the right hand side of (1.5). In the term E 2a in (8.2) the condition D\ \ D 2 , 
D 2 = nD 2 is equivalent to D\ = nd, D 2 = nd 2 for some d G N; hence its contribution is at most 



< (iVT) £ max £ |a(n)a(m)| ^ ^ 

e=±l d 
,V2 



|5(em, n, 1, nd, nd 2 )\ 



x 



Msg N 

Ms$n,ms:2M 

oo roo 



n 



2 d 3 



oo J —oo 



n 



T 2 



m 



d 3 /2 



n 



dT\dr 2 



By (8.7), the ci-sum is finite, hence in combination with (6.7) this is bounded by 

<(iVT) £ max V \a(n)a(m)\T- 101 <^ N e T~ W0n - n2 



a 



M<n,m<2M 



In the term S 2 6 in (8.2) the condition D 2 \ D\ is redundant, and the argument of J € f* equals 
(n/(mL' 2 )) 1 / 2 . As before we see that this contributes at most iY e T -100 ||a|| 2 . 
Finally the long Weyl element finally contributes by (8.10) 

\S(e 1 m,e 2 ,n, l,£>i,£> 2 )| 
D\D 2 



<(iVT) £ max ^ \a(n)a(m)\ ^ £ 

e 1 ,e 2 =±lD 1 ,D 2 



(9.3) 



M5$n,msC2M 
oo poo 

9 



OO J — oo 



«c 1 ,c 2 (iVT) e max T\T 2 (T\ + T 2 ) ^ |a(n)a(m)| 



Msg AT 

- E E 

ei,e 2 =±lDi,D 2 



D X D 2 



Ti + T 2 



\S{e 1 m,e 2 ,n,l,D 1 ,D 2 )\ (l + M/D 2 \ Cl (1 + M/D l 



T!+T 2 
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for any C\,Ci ^ 0. Recalling the notation T = max(Ti,r 2 ) and using (6.6), it is straightforward to see 
that the pervious display is 

<C (NT) £ (T^N 2 ) \\a\\ 2 2 . 

This is the second term on the right hand side of (1.5). □ 

Finally we prove Theorem 4. To this end, we express L((f>j, 1/2) by an approximate functional equation. 
As we are summing over the archimedean parameters of the L- functions, we need an approximate functional 
equation whose weight function is essentially independent of the underlying family. This has been obtained 
in [BH, Proposition 1], and we quote the following special case. For a Maafi form <pj as in Theorem 4 put 

1 2vf + vf 1 -vf + vf 1 - 2vf 



fa)i = 4+ 2 ' (r ^ 2 = 4 + 2 ' ( ^ )3 = 4 + 



i=i 

Moreover, for a multi-index n 6 N§ we write |n| = n(l) + . . . + n(6) and 



i=i 



Proposition 6. Let Gq : (0, oo) — > R be a smooth function with functional equation Gq(x) + Gq(1/x) = 1 
and derivatives decaying faster than any negative power of x as x — > oo. Lef M G N and fix a Maafi form 
4> as above. There are explicitly computable rational constants c n i £ Q depending only on n, £, M such 
that the following holds for 



G(x) := G (x) + £ C ^J n ( 



0<\n\<M 
Q<i<\n\+M 



For any e > one has 



(9.4) L( fel /2) = £) + Kj ± + 0(,-« C f +«) 



i v n \\/Cj i V n w/^ii 

n=l v \ V J / n=l v \ V / 

where \kj\ = 1 and f/ie implied constant depends at most on e, M , and the function Gq. 

It is now a simple matter to prove Theorem 4. We can assume that T is sufficiently large. Let 

( dV 
Gt(x) := [ x q-J G (x). 

Then the Mellin transform Gi{s) is rapidly decaying on vertical lines = a > 0. By (9.4) and Mellin 
inversion we have 



£ TO;,1/2)| J 



T^|^ ) |,|4 j) | ! g2T 

««.«E E (| E + o(, 7 «c;" + « + r-i») 



_ | ^ re l/2+e+it 
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noting that Cj <C mT 2 <C T 3 . This is at most 

E | E ^M +T E d + i^-^i)- 2 " +1/2 ). 

By Theorem 3 and (4.3) the first term is 0(T 5+e ). By Theorem 1 or (9.1) it is easy to see that the second 
term is also 0(T 5+e ). This completes the proof of Theorem 4. □ 



10. Appendix: A theorem of Goldfeld-Kontorovich 

A very nice application of the GL(3) Kuznetsov formula has been given recently in [GK2]. The purpose 
of this appendix is to illustrate how the methods of this paper directly yield a version of [GK2, Theorem 
1.3] with considerably better error terms and without assuming the Ramanujan conjectures. We keep the 
notation developed so far. 

Theorem 5. For n\ , n 2 , mi , m 2 6 N, P = n\n<im\m2, T sufficiently large, one has 

^^^i.K.m,)^! = S mi = ni £ + 0((T 2 PV2 + T s P o + P 5/3 )(rP)£) 

where 9 ^ 7/64 is a bound towards the Ramanujan conjecture on GL{2). Here hx is non-negative, uniformly 
bounded on {\$tvi\ < 1/2} x {|3^ 2 | < 1/2}, h T X 1 on {(ui,u 2 ) \ c < 3i/i,9fca < T, \^u 2 \ < 1/2} for 

some absolute constant c > 0, and hx{vi,V2) ((1 + l^il/^Xl + \ V 2\/T))~ A . 

For comparison, the error term in [GK2, Theorem 1.3] (scaled down by T~ 3R ) is 0(T 3+£ P 2 ), but see 
also [GK2, Remarks 1.8, 1.19] where possible improvements are mentioned. A more precise discussion on 
the asymptotic behaviour of the test function hx can be found in Remark 6 below. 

Injecting Theorem 5 into the estimates of [GK2, Section 9] and using only 6 < 1/3, we obtain the 
following corollary. For a Hecke-MaaB form <f> for SL%(Tj) let p(cj>) be one of <f>, sym 2 or Ad</>. Let ip be a 
smooth test function whose Fourier transform has support in (—5,5) for some 5 > 0. Define D(p(4>),'i^) as 
in [GK2, Section 1.4]. 

Corollary 6 (Goldfeld-Kontorovich). Assume the generalized Riemann hypothesis and the Ramanujan 
conjectures. Suppose 

5 < 5/23, p(4>) = sym 2 or Ad0, 
5 < 10/13, p{<j>) = 0, 

Then one has 

(E -^jp- j E Diptyj)^) jj^Tjp = / R + O (^^- j , 

where 

= 1, p(0) = or sym 2 (f>, W p (x) = 1 2x ' P ^ = Ad<?!> ' 

In particular, the symmetry types are unitary or symplectic, respectively. 

This improves the range of the support of ip by about a factor 3 compared to [GK2, Theorem 1.13] (see 
also [GK2, Remarks 1.18, 1.19]). 
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Proof of Theorem 5. Let g be a fixed, smooth, non-negative, compactly supported test function. Let 
Rl,R 2 be sufficiently large, and write R = R± + R 2 . We choose F as in (8.5) with X\ = X 2 = 1 and 
integrate the equality in Proposition 4 against 

as in (8.10). From Proposition 3, the above mentioned lower bounds for L-functions [HL, HR] on the line 
3fts = 1 and Weyl's law for GL(2) we conclude that the Eisenstein contribution in (8.1) is 0(R 3+£ P e+£ ). 
From Proposition 3 and Proposition 5 we conclude by the same calculation as in (9.3) that the long 
Kloosterman sum S3 in (8.2) contributes 0{R 2+£ P l l 2+£ ). Similarly, if P < R 3 ~ £ , the other two Klooster- 
man contributions £20 + ^26 are O(-R~ 10 °), and are otherwise 0(R 5+£ ) which follows after a straightforward 
estimate using Proposition 5 and (6.7). Hence in either case their contribution is 0(P 5 / 3+e ). We conclude 

(10.1) E M^^Aj (mi, ma) ^'j^p — = Srn,=rnH Rl>R2 + 0((i? 2 P 1 / 2 + R 3 P e + P 5 / 3 )(RP) £ ) 
where 



W>i^2) = 1^9(1^) 9 (^) \{W VliV2 ,F)\ 2 dTidr 2 

and H Rl>R2 = J °° J °° g{ : j^)g{j^)\\F\\ 2 dr\dr 2 , but we only need to know that this quantity is independent 
of ni,n 2 ,mi,m 2 . 

The weight function h RltR2 is uniformly bounded and non-negative. It follows directly from Proposition 
3 that 

(10.2) h RltR2 {u 1 ,v 2 )~l for I^UKz^K 1/2, ^,^ GsU pp( 5 ), 

Hi -K2 

and rapidly decaying outside the region ^ S supp(g). In other words, h Rl)R2 is a good approximation 
of the characteristic function on the square Qvi x Ri, Qiy 2 X Ri- 
Applying (10.1) with n\ = n 2 = mi = m,2 = 1, we see that 



H Ri,R2 ~ 2^ \uTl\2 + V{R 



Hence we obtain 



VA^A> lim2 )^^^ = V + O^P 1 / 2 + R 3 P e + P 5 / 3 )(i?P) £ 



fill m2=«2 11 vi 1 

J " J 3 



whenever R\,R 2 are sufficiently large. Piecing together dyadic squares, we obtain Theorem 5. □ 

Remark 6: The proof of Proposition 3 gives much more precise information on the weight function 
h,T in Theorem 5. By (3.14), we see that h Rl>R , 2 described in (10.2) satisfies the more precise asymptotic 
relation 

h Rl ,R 2 {vi,V2) ~ c- ? ■ --5 — ) g — , ^l^eil, 

for Ri,R 2 — > 00, where the constant c > is given by 

3 r r ^ ^ „ co^3 / /• ^ \ 2 



|/(-l-ix-2iy)/(-l-2ix-iy)|^dy = / |/(-l-zx)|^x 

•J JR JR «J \ JR 

for the weight function / in the Poincare series (8.5). In particular, by varying g one has the flexibility to 
prescribe asymptotically any reasonable bump function on the tempered spectrum. 
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